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ABSTRACT
According to Radzikowski’s celebrated results, bisolutions of a wave operator on a globally hyper-
bolic spacetime are of Hadamard form iff they are given by a linear combination of distinguished
parametrices i
2
` rGaF´ rGF` rGA´ rGR˘ in the sense of Duistermaat-Hörmander [Rad1996, DH1972].
Inspired by the construction of the corresponding advanced and retarded Green operatorGA, GR as
done in [BGP2007], we construct the remaining two Green operators GF , GaF locally in terms of
Hadamard series. Afterwards, we provide the global construction of i
2
` rGaF ´ rGF ˘, which relies
on new techniques like a well-posed Cauchy problem for bisolutions and a patching argument using
Cˇech cohomology. This leads to global bisolutions of Hadamard form, each of which can be chosen
to be a Hadamard two-point-function, i.e. the smooth part can be adapted such that, additionally, the
symmetry and the positivity condition are exactly satisfied.
1 Introduction
1.1 Quantum field theory on curved space times
Quantum field theory on curved spacetimes is a semiclassical theory, which investigates the coupling of a quantum
field with classical gravitation. It already predicts remarkable effects such as particle creation by the curved space-
time itself, a phenomenon most prominently represented by Hawking’s evaporation of black holes [Haw1975] and
the Unruh effect [Ful1973, Dav1975, Unr1976]. Due to their rather small, generally trivial, isometry group, curved
spacetimes lack an invariant concept of energy, so a distinct vacuum and consequently the notion of particles turn out
to be non-sensible in general curved spacetimes [Dav1984, Wal1994]. This situation is best addressed by the algebraic
approach to quantum field theory [HK1964, Dim1980], where first of all observables are introduced as elements of
rather abstract algebrasApOq Ă ApMq associated to spacetime regions O Ă M in a local and covariant manner, and
states will join the game only later as certain functionals on these algebras.
The categorical framework of locally covariant quantum field theory [BFV2003] has established as a suitable gener-
alization of the principles of AQFT to curved spacetimes. Instead of fixing a spacetime and its symmetries from the
beginning, a whole category of spacetimes is considered with arrows given by certain isometric embeddings. The ac-
tual QFT is then represented by a covariant functor to the category of C˚-algebras and injective C˚-homomorphisms
fulfilling adapted Haag-Kastler-axioms. For the category of spacetimes, we will adopt the setting of [BG2011]:
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Definition 1.1. The category GlobHypGreen consists of objects pM,E, P q and morphisms pf, F q, where
• M is a globally hyperbolic Lorentzian manifold,
• E is a finite-dimensional, real vector bundle overM with a non-degenerate inner product,
• P : C8pM,Eq Ñ C8pM,Eq is a formally self-adjoint, Green hyperbolic operator,
• f : M1 Ñ M2 time-orientation preserving, isometric embedding with fpM1q Ă M2 open and causally
compatible,
• F is a fiberwise isometric vector bundle isomorphism over f such that P1, P2 are related via
P1 ˝ res “ res ˝ P2, where respϕq :“ F´1 ˝ ϕ ˝ f the restriction of ϕ P C8pM2, E2q toM1.
Because of their good causal and analytic properties (no causal loops, foliation by Cauchy hypersurfaces, well-posed
Cauchy problem), globally hyperbolic Lorentzian manifolds have proven to be a reasonable model for curved space-
times. As further data, we consider real vector bundles, which excludes for instance charged fields, and the large
class of Green hyperbolic operators implying the existence of an advanced and retarded Green operator GA, GR (see
[Bär2015] for a thorough discussion of these operators). For G :“ GA ´GR, Theorem 3.5 of [BG2011] provides the
exact sequence
t0u ÝÑ DpM,Eq PÝÑ DpM,Eq GÝÑ C8scpM,Eq PÝÑ C8scpM,Eq, (1.1)
and hence, it leads to a covariant functor into the category of symplectic vector spaces with objects pV, σq essentially
given by the solution space of the field equation
V :“ DpM,Eq{ kerG – kerP ˇˇ
C8sc
, σ
`rϕs, rψs˘ :“ pGϕ,ψqM . (1.2)
DpM,Eq represents test sections in E, more precisely smooth sections with compact support, and C8scpM,Eq those
with only spacelike compact support, meaning that it is contained in the causal future and past of some compact subset
ofM . The L2-product p¨, ¨qM of test sections is induced by the non-degenerate inner product on E.
For a bosonic quantum field theory, we take the CCR-representation of pV, σq, i.e. a pair pw,Aq consisting of a C˚-
algebraA and a map w from V into the unitary elements ofA such that A is generated as a C˚-algebra by twpxquxPV
and the Weyl relations hold:
wpxqwpyq “ e´ i2σpx,yqwpx ` yq, x, y P V. (1.3)
This construction goes back to [Man1968] (see also section 4.2 of [BGP2007] and 5.2.2.2 of [BR2002]) and it is
unique in an appropriate sense. Therefore, altogether, pM,E, P q ÞÑ CCR`DpM,Eq{ kerG˘ provides the desired
functor and Haag-Kastler’s axioms are satisfied (Theorem 3.10 of [BG2011])
1.2 States, quasifree states and Hadamard states
We introduce states in the theory as normed and positive functionals τ on CCRpV q, where τpaq can be thought of
as the expectation value of the observable a in the state τ . The induced GNS-representation ppiτ ,Hτ ,Ωτ q provides
the familiar framework of a state space Hτ with observables as bounded operators piτ paq and a cyclic vector Ωτ (see
section 2.3 of [BR2002] for details). Hence, the selection of a distinct vacuum is shifted to that of an algebraic state τ .
Particularly adapted to free quantum fields are the so-called quasifree states generated by
τ
`
wpxq˘ “ e´ 12ηpx,xq, x P V,
for some scalar product η on V , by which ppiτ ,Hτ ,Ωτ q is determined up to unitary equivalence. For these states,
the unitary operators
 
piτ
`
wptxq˘(
tPR
constitute a strongly continuous one-parameter group and thus, field operators
Φτ pxq are given by the self-adjoint generators due to Stone’s theorem. Furthermore, there is a dense domainDτ Ă Hτ
such that ranΦτ pxq Ă Dτ Ă domΦτ pxq for all x, so polynomials of field operators are well-defined on Dτ . Hence,
the Weyl relations (1.3) imply the familiar canonical commutator relations
“
Φτ pxq,Φτ pyq
‰ “ iσpx, yq idHτ and for all
n P N, the n-point-function of the state τnpx1, . . . , xnq :“
@
Φτ px1q . . .Φτ pxnqΩτ ,Ωτ
D
Hτ
represents a well-defined
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distribution (see section 4.2 of [BG2011] for precise definitions and proofs). In particular, the two-point-function is of
the form
τ2px, yq “ ηpx, yq ` i
2
σpx, yq, x, y P V, (1.4)
so it reproduces η and hence τ . Indeed, we have τn “ 0 for odd n, and for n even, it is given by some polynomial
in the elements of tτ2pxi, xjqui,j“1,...,n. Thinking of τn as the propagation of the state of the field, the focus on
quasifree states corresponds to the perception that this propagation is essentially given by independent one-particle-
propagations, which legitimates them as the natural objects to look at when dealing with free quantum fields (see
chapter 17 of [DG2013] for an overview of quasifree states). Going back from pV, σq to pM,E, P q, the scalar product
η corresponds to a bidistribution S : DpM,Eq ˆDpM,Eq Ñ R with
SrPψ1, ψ2s “ 0 “ Srψ1, Pψ2s, Srψ1, ψ2s “ Srψ2, ψ1s, Srψ, ψs ě 0. (1.5)
With regard to (1.2) and (1.4), a quasifree state is therefore determined by S andG.
Despite all physically motivated restrictions on the field so far, there is still a huge variety of possible states, so
we need to look for constraints also on this level. A reasonable demand would be renormalizability of τ2, most
prominently represented by the expectation value of the energy momentum tensor, since products of distributions are
in general ill-defined. In flat quantum field theory, this would be carried out by subtracting the vacuum expectation
value setting us back to the problem of non-existence of a distinct vacuum. On the other hand, this procedure merely
requires regularity of differences of expectation values, and indeed, J. Hadamard’s theory of second order hyperbolic
equations [Had1923] led to a family of bisolutions with fixed singular part in the sense that the difference of any two
such bisolutions is smooth (see [Wal1994] and, more recently, [Hac2016] for details, as well as [DF2008] for the
concrete renormalization). Accordingly, a state is called a Hadamard state if its two-point-function has the Hadamard
singularity structure, which, by now, has been shown to be invariant under Cauchy evolution [FSW1978]. Futhermore,
any globally hyperbolic spacetime admits a large class of pure Hadamard states [FNW1981, SV2001].
However, the first mathematically precise definition of the Hadamard singularity structure has been specified only in
[KW1991], in which the authors also show that for a wide class of spacetimes the Hadamard property singles out an
invariant quasifree state. Moreover, in any spatially compact spacetime ("closed universes"), all Hadamard states, more
specifically their GNS representations, comprise one unitary equivalence class, which, for general spacetimes, suggests
a certain "local equivalence" of all possible notions of a vacuum state [Ver1994]. In addition, Hadamard states yield
finite fluctuations for all Wick polynomials [BF2000], which makes them relevant also for the perturbative construction
of interacting fields (see also [HW2015, Rej2016, Düt2019] and references therein). Consequently, Hadamard states
are by now considered a reasonable counterpart of Minkowski finite energy states and the Hadamard condition an
appropriate generalization of the energy condition for Minkowski quantum field theory. Note that the replacement of
a distinct vacuum state by a whole class of states somehow reflects the essence of general relativity: Just like there is
no preferred coordinate system, the concept of vacuum and particles as absolute quantities has to be re-evaluated and
eventually downgraded to one choice among many.
It was Radzikowski who showed that for the massive scalar field the global Hadamard condition is equivalent to a
certain requirement on the wave front set of the two-point-function [Rad1992, Rad1996], namely
WFpτ2q “
 pp,´ξ; q, ζq P `T ˚M ˆ T ˚M˘zt0u ˇˇ pp, ξq „ pq, ζq, ξ is future-directed(, (1.6)
where
pp, ξq „ pq, ζq ðñ
D lightlike geodesic c : I ÑM and t, t1 P I :
cptq “ p, cpt1q “ q, 9cptq “ ξ7, 9cpt1q “ ζ7.
(1.7)
Note that, unlike the criterion given in [KW1991], this is a local condition, which Sahlmann and Verch genera-
lized to sections in general vector bundles [SV2001]. It includes Hadamard states of the Dirac field in the sense of
[Köh1995, Kra2000, Hol2001], which have been used, for instance, for a mathematical rigorous description of the
chiral anomaly [BS2016]. In addition, [SVW2002] proposed an even more elegant characterization of the Hadamard
property in terms of Hilbert space valued distributions ϕ ÞÑ Φτ rϕsΩτ P Hτ , involving the GNS-representation in-
duced by τ . Also for non-quasifree states, one can formulate (1.6) as a constraint on the whole n-point-function,
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which is compatible with the special case of quasifree states [San2010]. Moreover, in analytic spacetimes, this ge-
neralized Hadamard condition can be sharpened to a condition on the analytic wave front set, thereby implying the
Reeh-Schlieder-property [SVW2002]. Likewise, for non-globally hyperbolic spacetimes, there is a formulation of the
Hadamard condition via restriction to globally hyperbolic subregions. Hadamard states have therefore been studied in
connection with the Casimir effect and on anti-de Sitter spacetime (see [DNP2014, DFM2018] and references therein).
By using the weaker concept of Sobolev wave front sets, a definition of adiabatic states on globally hyperbolic space-
times similar to (1.6) is given in [JS2002], thus implying that Hadamard states are adiabatic.
However, most importantly for the purpose of this work, the Hadamard condition in the form (1.6) allows us to employ
the techniques of microlocal analysis provided by Duistermaat and Hörmander [DH1972]. Soon after Radzikowski’s
work, Junker derived pure Hadamard states for the massive scalar field on spatially compact globally hyperbolic
spacetimes, using a factorization of the Klein-Gordon operator by pseudo-differential operators [Jun1996, Jun2002].
Gérard, Wrochna et al. generalized this construction to a large class of spacetimes [GOW2017] and even gauge fields
[GW2015]. Furthermore, they proved the existence of (not necessarily pure) Hadamard states [GW2014] in a much
more concrete manner than [FNW1981]. See [Gér2019] for a recent review of these techniques.
On the other hand, there have been further proposals for physically reasonable states like the Sorkin-Johnston-states
[AAS2012], which in general lack the Hadamard property [FV2012]. Nevertheless, a modification of their construc-
tion produces Hadamard states [BF2014]. For a contemporary synopsis concerning preferred vacuum states on general
spacetimes, the nature of the Hadamard property and this construction in particular, see also [Few2018]. Apart from
these rather general prescriptions, Hadamard states have been constructed explicitly for a large variety of spacetimes
with special (asymptotic) symmetries, and furthermore, well-established states have been tested for the Hadamard
property (see the introduction sections of [GW2014, GOW2017] and the references therein as well as section 8.4 of
[FV2015] and 2.4 of [Hac2016] for an overview).
1.3 This work
In his seminal work [Rad1996], Radzikowski already realized that a bidistribution rH satisfies the Hadamard condition
if and only if it is of the form
rH “ i
2
` rGaF ´ rGF ` rGA ´ rGR˘ (1.8)
with rGaF , rGF , rGA, rGR the distinguished parametrices in the sense of Duistermaat-Hörmander (Theorem 6.5.3 in
[DH1972]). With ∆1 :“  pp, ξ; p,´ξq( the primed diagonal, they are characterized by
WFp rGAq “ ∆1 Y  pp, ξq „ pq,´ζq, q P J`ppq(, WFp rGRq “ ∆1 Y  pp, ξq „ pq,´ζq, q P J´ppq(,
WFp rGF q “ ∆1 Y  pp, ξq „ pq, ζq, t ą t1(, WFp rGaF q “ ∆1 Y  pp, ξq „ pq, ζq, t ă t1(. (1.9)
However, he remarked that it is not clear how to prove that one may choose the smooth part such that (1.5) is exactly
satisfied [Rad1992], an issue closely related to the question, whether rGaF , rGF can be chosen as actual Green operators,
which has been already addressed in section 6.6 of [DH1972]. Clearly, microlocal analysis proved to be a powerful
tool for the investigation of singularities and indispensable for the results listed in the former paragraph. Nevertheless,
for these remaining questions, the non-singular part of rH is primarily concerned, so different techniques are required.
This work is dedicated to provide such techniques and resolves the question for wave operators on globally hyperbolic
spacetimes. It therefore gives a further and more constructive existence proof of, not necessarily pure, Hadamard states
than [FNW1981]. By avoiding any kind of deformation argument, it covers situations involving, for example, analytic
spacetimes or constraint equations as in general relativity, where such an argument is usually not applicable.
The starting point in chapter 3 is the local construction of rGaF , rGF in terms of Hadamard series very much inspired
by [BGP2007]. In chapter 4, these local objects are globalized and finally patched together by introducing a well-
posed Cauchy problem for bisolutions and techniques from Cˇech cohomology theory. In the final chapter 5, we check
existence of a "positive and symmetric choice", that is the smooth part of any Hadamard bisolution can be chosen such
that it obtains the properties of a two-point-function. The necessary preparation is given in chapter 2 as well as a proof
for the symmetry of the Hadamard coefficients in the vector valued case alternative to [Kam2019] in the Appendix.
4
Hadamard states for bosonic quantum field theory on globally hyperbolic spacetimes
2 Preliminaries
In this section, we provide basic notations and prove certain theorems needed in the later constructions. For any d-
dimensional vector space with non-degenerate inner product xx¨, ¨yy of index 1, we adopt the notations and conventions
of [BGP2007], that is, for instance, the signature p´,`, . . . ,`q and the squared distance γpxq :“ ´xxx, xyy. The two
connected components I˘ of the set of timelike vectors I :“ tγpxq ą 0u then determine a time-orientation, where we
define the elements of I`pI´q to be future (past) directed. Correspondingly, we set C˘ :“ BI˘, J˘ :“ I˘, whose
non-zero elements we call "lightlike" and "causal", respectively. Leaving out "˘" means the union of both compon-
ents, i.e. I :“ I` Y I´ and similarly C and J . Non-causal vectors are referred to as "spacelike".
For pM, gq a d-dimensional time-oriented Lorentzian manifold and p P M , we write IM˘ ppq, CM˘ ppq and JM˘ ppq for
the corresponding chronological/lightlike/causal future/past of p. These sets comprise all points that can be reached
from p via some timelike/lightlike/causal future/past directed differentiable curve, that is a curve with tangent vectors
of the respective type at each point. For subsetsA ĂM , we define IM˘ pAq :“
Ť
pPA I
M
˘ ppq and similarly JM˘ pAq. For
the definitions of different types of subsets ofM like future/past compact, geodesically starshaped, convex, causally
compatible, causal, Cauchy hypersurface etc., we refer to section 1.3 of [BGP2007]. In this work, Cauchy hypersur-
faces ofM are always assumed to be spacelike.
For E some real or complex finite-dimensional vector bundle over M , the spaces of Ck-, C8-, D-sections in E as
well as distributional sections DpM,E,W q1 with values in some finite-dimensional spaceW , including their (singu-
lar) support, convergence, order etc., are defined as in section 1.1 of [BGP2007]. For dV the volume density induced
by the Lorentzian metric, F another vector bundle overM and P : C8pM,Eq Ñ C8pM,F q some linear differential
operator, the formally transposed operator P t : C8pM,F˚q Ñ C8pM,E˚q of P is given by
pP tϕqrψs :“ ϕrPψs “
ż
M
ϕ
`
Pψ
˘
dV, ψ P DpM,Eq, ϕ P DpM,F˚q.
IfE is equipped with a non-degenerate inner product x¨, ¨y, which induces the L2-product p¨, ¨qM and the isomorphism
Θ: E Ñ E˚, we call P formally self-adjoint if pPψ1, ψ2qM “ pψ1, Pψ2qM for all ψ1, ψ2, that is, P “ Θ´1P tΘ.
Furthermore, P is a wave operator if its principal symbol is given by ξ ÞÑ gpξ7, ξ7q ¨ idE , on T ˚M implying that wave
operators are of second order (see section 1.5 of [BGP2007] for details).
L. Schwartz’ celebrated kernel theorem establishes a one-to-one-correspondencebetween sequentially continuous ope-
ratorsK : DpM,E˚q Ñ DpM,E˚q1, i.e. Kϕj Ñ Kϕ if ϕj Ñ ϕ, and bidistributionsK : DpM,EqˆDpM,E˚q Ñ R
given by Krψ, ϕs “ pKϕqrψs and called Schwartz kernel of K. It is represented by a distributional section in the
bundle E˚ ⊠ E overM ˆM , whose fibers we identify via
pE˚ ⊠ Eqpp,qq “ E˚p b Eq – HompE˚q , E˚p q, pp, qq PM ˆM. (2.1)
Definition 2.1. Let P : C8pM,Eq Ñ C8pM,Eq be a linear differential operator. A linear and sequentially continu-
ous operatorQ : DpM,E˚q Ñ C8pM,E˚q is called
• left parametrix for P t if QP t
ˇˇ
D
´ id is smoothing,
• right parametrix for P t if P tQ´ id is smoothing,
• two-sided parametrix or just parametrix for P t if Q is left and right parametrix for P t,
• Green operator for P t ifQP t
ˇˇ
D
“ P tQ “ id.
A bidistribution Q : DpM,Eq ˆDpM,E˚q Ñ R with p ÞÑ Qppqrϕs P C8pM,E˚q for all ϕ is called
• parametrix for P at p PM if Pp2qQppq ´ δp P C8pM,Eq,
• fundamental solution for P at p PM if Pp2qQppq “ δp.
Note that Q is a parametrix for P t if and only if its Schwartz kernel is a parametrix for P t at all p PM . Especially, it
is a Green operator for P t if and only if Qppq is a fundamental solution for P and P tp1q
`
Qp¨qrϕs˘ “ ϕ for all p and ϕ.
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2.1 Cauchy problems
A crucial feature of globally hyperbolic Lorentzian manifoldsM is a well-posed Cauchy problem for wave operators
on smooth sections, i.e. for any Cauchy hypersurface Σ with normal field ν, which is timelike, and Cauchy data
f P C8pM,Eq, u0, u1 P C8pΣ, Eq, the Cauchy problem$’’&’’%
Pu “ f,
u
ˇˇ
Σ
“ u0,
∇νu
ˇˇ
Σ
“ u1,
(2.2)
has a unique solution u P C8pM,Eq, which is supported in J`suppu0Y suppu1Y supp f˘ and depends continuously
on the data (see section 3.2 of [BGP2007] and chapter 3 of [BF2009]). For F a vector bundle over some further
globally hyperbolic Lorentzian manifoldN , recall (2.1) for the definition of the vector bundle E ⊠ F overM ˆN .
Theorem 2.2. LetM,N be globally hyperbolic Lorentzian manifolds with Cauchy hypersurfacesΣ,Ξ and unit normal
fields µ, ν. Furthermore, let P,Q denote linear differential operators of second order acting on smooth sections in
vector bundlesE,F overM,N , which admit well-posed Cauchy problems and only lightlike characteristic directions.
Then, for all ui P C8pΣˆΞ, E⊠F q, i “ 1, ..., 4, and f, g P C8pM ˆN,E ⊠ F q withQf “ Pg, there is a unique
section u P C8pM ˆN,E ⊠ F q solving $’’’’’’’’’’&’’’’’’’’’’%
Pu “ f,
Qu “ g,
u
ˇˇ
ΣˆΞ
“ u1,
∇µu
ˇˇ
ΣˆΞ
“ u2,
∇νu
ˇˇ
ΣˆΞ
“ u3,
∇ν∇µu
ˇˇ
ΣˆΞ
“ u4.
(2.3)
LetZ :“ `‘2C8pMˆN,E⊠F q˘‘`‘4C8pΣˆΞ, E⊠F q˘ andX denote the subset of elements pf, g, u1, u2, u3, u4q
satisfyingQf “ Pg. Then the map pf, g, u1, u2, u3, u4q ÞÝÑ u, which sends the Cauchy data to the unique solution u
of (2.3), is a linear and continuous operatorX ÝÑ C8pM ˆN,E ⊠ F q.
Proof. For all q P N and h0, h1 P C8pΣˆN,E ⊠ F q, the Cauchy problem$’&’’%
Puq “ fp¨, qq,
uq
ˇˇ
Σ
“ h0p¨, qq,
∇µuq
ˇˇ
Σ
“ h1p¨, qq,
(2.4)
has a unique solution uq P C8pM,E b Fqq depending smoothly on the data by well-posedness of (2.2). Thus, it
remains to determine h0, h1 from u1, u2, u3, u4, g and to show that then Qu “ g is automatically fulfilled. For all
σ P Σ, ξ P Ξ, we define smooth sections h0pσ, ¨q, h1pσ, ¨q P C8pN,Eσ bF q and h0p¨, ξq, h2p¨, ξq P C8pM,E bFξq
as solutions of $’’&’’%
Ph0p¨, ξq “ fp¨, ξq,
h0p¨, ξq
ˇˇ
Σ
“ u1p¨, ξq,
∇µh0p¨, ξq
ˇˇ
Σ
“ u2p¨, ξq,
$’’&’’%
Ph2p¨, ξq “
`
∇νf
˘p¨, ξq,
h2p¨, ξq
ˇˇ
Σ
“ u3p¨, ξq,
∇µh2p¨, ξq
ˇˇ
Σ
“ u4p¨, ξq,$’’&’’%
Qh0pσ, ¨q “ gpσ, ¨q,
h0pσ, ¨q
ˇˇ
Ξ
“ u1pσ, ¨q,
∇νh0pσ, ¨q
ˇˇ
Ξ
“ u3pσ, ¨q,
$’’&’’%
Qh1pσ, ¨q “
`
∇µg
˘pσ, ¨q,
h1pσ, ¨q
ˇˇ
Ξ
“ u2pσ, ¨q,
∇νh1pσ, ¨q
ˇˇ
Ξ
“ u4pσ, ¨q.
(2.5)
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By adapting the proof of Proposition A.1 of [FNW1981], we obtain smooth sections h0, h1, h2 in E ⊠ F over
pM ˆ Ξq Y pΣˆNq,ΣˆN andM ˆΞ, respectively, and, following the same lines, up¨, qq :“ uq depends smoothly
on q. Hence, we found some u P C8pM ˆN,E⊠F q solving (2.4), which yields the initial data of a solution of (2.3):
u
ˇˇ
ΣˆΞ
“ h0
ˇˇ
ΣˆΞ
“ u1, ∇µu
ˇˇ
ΣˆΞ
“ h1
ˇˇ
ΣˆΞ
“ u2,
∇νu
ˇˇ
ΣˆΞ
“ ∇νh0
ˇˇ
ΣˆΞ
“ u3, ∇ν∇µu
ˇˇ
ΣˆΞ
“ ∇νh1
ˇˇ
ΣˆΞ
“ u4.
Note that P andQ commute because they act on different factors ofM ˆN . Therefore, (2.4) and (2.5) imply thatQu
and g satisfy the same Cauchy problem:$’’&’’%
PQu “ QPu “ Qf “ Pg,
Qu
ˇˇ
ΣˆN
“ Qh0 “ g
ˇˇ
ΣˆN
,
∇µQu
ˇˇ
ΣˆN
“ Q∇µu
ˇˇ
ΣˆN
“ Qh1 “ ∇µg
ˇˇ
ΣˆN
,
that is Qu “ g due to well-posedness. Clearly, this solution u is unique since trivial Cauchy data in (2.3) lead to trivial
data in (2.5) and therefore in (2.4), which implies uq “ 0 for all q and hence u “ 0. The proof of stability follows the
same lines as for (2.2), that is Theorem 3.2.12 of [BGP2007]: Obviously, the map
Φ: C8pM ˆN,E ⊠ F q ÝÑ Z
u ÞÝÑ `Pu,Qu, uˇˇ
ΣˆΞ
,∇µu
ˇˇ
ΣˆΞ
,∇νu
ˇˇ
ΣˆΞ
,∇ν∇µu
ˇˇ
ΣˆΞ
˘
is linear, injective and continuous, and since (2.3) admits a solution u for each data in X , the closed subset X Ă Z
is contained in ranΦ. Due to continuity of differential operators, the subspace Φ´1pXq Ă C8pM ˆ N,E ⊠ F q is
also closed, so we obtain a continuous and bijective map Φ: Φ´1pXq Ñ X between Fréchet spaces, whose inverse is
continuous by the open mapping theorem.
It seems that this procedure directly generalizes to operators of order k, for which derivatives up to order k2 have to
be provided as data. Furthermore, symmetry of the data is inherited by the solution:
Corollary 2.3. With regard to the assumptions of Theorem 2.2, let pN,Ξ, νq “ pM,Σ, µq, F “ E˚ and E be
equipped with a non-degenerate inner product. Let Q “ P t, and for all pp, qq PM ˆM , assume
fpp, qq “ Θ´1p gpq, pqtΘq, u2pσ1, σ2q “ Θ´1σ1 u3pσ2, σ1qtΘσ2 ,
u1pσ1, σ2q “ Θ´1σ1 u1pσ2, σ1qtΘσ2 , u4pσ1, σ2q “ Θ´1σ1 u4pσ2, σ1qtΘσ2
(2.6)
with fiberwise transposition t : HompEq, Epq Ñ HompE˚p , E˚q q. Then the solution of (2.3) satisfies
upp, qq “ Θ´1p upq, pqtΘq, p, q PM. (2.7)
Additionally, we investigate the propagation of a family of singular solutions from a neighborhood of Σ to all ofM by
applying the well-posed Cauchy problem for singular sections treated in [BTW2015]. For that, we just have to ensure
the existence of the restriction to Σ by checking Hörmander’s criterion.
Theorem 2.4. Let M be a globally hyperbolic Lorentzian manifold, Σ ĂM a Cauchy hypersurface, pi : E Ñ M a
real or complex vector bundle overM and P : C8pM,Eq Ñ C8pM,Eq a wave operator. Furthermore, let O ĂM
be relatively compact, and for all p P O, let vppq P DpM,E,E˚p q1 have spacelike compact support and only lightlike
singular directions. Moreover, we assume p ÞÑ vppqrϕs P C8pM,E˚q for fixed ϕ P DpM,E˚q. Then the Cauchy
problem $’’&’’%
Puppq “ 0,
uppqˇˇ
Σ
“ vppqˇˇ
Σ
,
∇νuppq
ˇˇ
Σ
“ ∇νvppq
ˇˇ
Σ
,
has a unique solution uppq P DpM,E,E˚p q1, which has spacelike compact support and provides a smooth section
p ÞÑ uppqrϕs for each ϕ P DpM,E˚q.
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Proof. Let t : M Ñ R be a Cauchy time function on M such that Σ “ t´1p0q (Theorem 1.3.13 of [BGP2007]).
Therefore, the normal directions of Σ are timelike and do not match the singular directions of v, so vppqˇˇ
Σ
and
∇νvppq
ˇˇ
Σ
are well-defined and compactly supported distributions on Σ for all p due to Hörmander’s criterion
`
(8.2.3)
of [Hör1990]
˘
. Recall that any compactly supported distribution lies in some Sobolev space Hkc (see e.g. (31.6) of
[Tre1967]), and hence, vppqˇˇ
Σ
P Hkc pΣ, E˚p b Eq and ∇νvppq
ˇˇ
Σ
P Hk´1c pΣ, E˚p b Eq for some k P R. Thus, for all
p, Corollary 14 of [BTW2015] provides a unique solution
uppq P C0sc
`
tpMq, HkpΣ¨q;E˚p b E
˘X C1sc`tpMq, Hk´1pΣ¨q;E˚p b E˘,
where this intersection is commonly referred to as the space of finite k-energy sections (see section 1.7 of [BTW2015]
for details about them). Moreover, the mapping of initial data to the solution is a linear homeomorphism, i.e. continuity
of the restriction vppq ÞÑ `vppqˇˇ
Σ
,∇νvppq
ˇˇ
Σ
˘
implies continuity of the map of distributions T : vppq ÞÑ uppq for all p.
For D a differential operator, let
`
Dp1qv
˘ppq denote the distribution ϕ ÞÑ `Dpvp¨qrϕsq˘ppq. Since P and D act on
different factors,
`
Dp1qv
˘ppq is linearly and continuously mapped to `Dp1qu˘ppq, that is, T commutes with Dp1q (see
the proof of Proposition A.1 in [FNW1981]). In particular, the map
p ÞÝÑ `Dp1qv˘ppqrϕs ÞÝÑ `Dp1qu˘ppqrϕs “ `Dpup¨qrϕsq˘ppq, ϕ P DpM,E˚q,
is continuous due to smoothness of the first arrow. This holds for all differential operatorsD, which provides smooth-
ness of p ÞÑ uppqrϕs for fixed ϕ.
2.2 The prototype
The Hadamard condition in the form (1.6) is a local condition and, moreover, the singularity structure of a bisolution
is related to the corresponding differential operator essentially via its principal symbol. On these grounds, we start
with the prototype setting P “ 2 on M “ RdMink, d ě 3, since, from the viewpoint of the singularity structure of
the solutions, this already incorporates the characteristic properties of the solutions for the general setting of wave
operators on curved spacetimes. In order to obtain a decomposition like (1.8), we study fundamental solutions for 2.
It is not hard to check that these objects are invariant under the special orthochronous Lorentz group L
Ò
` and their
singular support is cointained in the light cone C. This makes them directly comparable outside C meaning that we
need to understand L
Ò
`-invariant distributions supported on C.
For R˚d :“ Rdzt0u, we consider the submersions γ˘ :“ γ
ˇˇ
Jc˘
, where Jc˘ :“ R˚dzJ˘. Then the pullback γ˚˘ maps
distributions on R to L
Ò
`-invariant distributions on J
c
˘ and moreover establishes a close connection to the well-known
classification of distributions on R supported in t0u:
Theorem 2.5 (Théorème 2 of [Met1954]). For any pair T˘ P DpRq1 with T`|Ră0 “ T´|Ră0 , there is a LÒ`-invariant
distribution T P DpR˚dq1 given by T |Jc¯ :“ γ˚˘T˘. Conversely, for any LÒ`-invariant T P DpR˚dq1, we find a pair
T˘ P DpRq1 with T`|Ră0 “ T´|Ră0 such that T |Jc¯ “ γ˚˘T˘.
For that, it is important to note that the proof of Theorem 2.5 particularly demonstrates surjectivity of pγ˘q˚.
Theorem 2.6 (Théorème 1 of [Met1954]). Any LÒ`-invariant T P DpRdq1 with supp pT q Ă t0u is of the form
T “ ř8k“0 bk ¨ 2kδ0 with bk ‰ 0 for only finitely many k.
There are two immediate consequences: First, every L
Ò
`-invariant distribution T supported in C has to be of the form
T “
8ÿ
k“0
´
a`k ¨ γ˚`δpkq0 ` a´k ¨ γ˚´δpkq0 ` bk ¨2kδ0
¯
, (2.8)
where only finitely many coefficients a˘k , bk are non-zero. Recall that γ
˚
˘δ
pkq
0 rϕs “
`pγ˘q˚ϕ˘pkqp0q and the push-
forward along a submersion is given by integration along the fibers. This leads to the second consequence, which is
that every L
Ò
`-invariant measure supported on C˘ is of the form a dΩ
0
˘ ` bδ0 (section IX.8 of [RS1975]), where
dΩ0˘rϕs “
ż
Rd´1
ϕ
`˘ }xˆ}, xˆ˘
2}xˆ} dxˆ, ϕ P DpR
dq. (2.9)
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The most known examples of L
Ò
`-invariant supported on C˘ are certain Riesz distributions (not all of them) and in
fact, there are no other: For all α P C with Re pαq ą d, they are defined as continuous functions via
Rα˘pxq “
#
2Cpα, dq ¨ γpxqα´d2 , x P J˘,
0, otherwise,
, Cpα, dq “ 2
´αpi
2´d
2
Γ
`
α
2
˘
Γ
`
α´d
2
` 1˘ . (2.10)
One directly checks holomorphicity in α and calculates2Rα`2˘ “ Rα˘, which provides an extension as distributions to
all of C via Rα˘ :“ 2kRα`2k˘ , k ą d2 ´ Re pαq. Moreover, as shown in section 13.2 of [DK2010], we have R0˘ “ δ0
and
γ˚˘δ
pkq
0 “
Γ
`
d
2
´ pk ` 1q˘
22k`3´dpi
d´2
2
¨ Rd´2pk`1q˘
ˇˇˇ
Jc¯
, k P N0. (2.11)
Therefore, due to (2.8), every L
Ò
`-invariant distribution T supported on C is given by a linear combination of Riesz
distributions:
T “
8ÿ
k“0
´
λ`k ¨ Rd´2pk`1q` ` λ´k ¨ Rd´2pk`1q´ ` βk ¨ R´2k˘
¯
. (2.12)
The properties of the Riesz distributions combined with the uniqueness of GA, GR reveal R
2
˘ as the advanced and
retarded fundamental solution for 2 on RdMink. In order to identifyGF , GaF , we introduce the functions pγ˘ i0qα for
Re pαq ą 0, where ˘i0 stands for the direction from which the branch cut along Ră0 is approached. A meromorphic
extension to all of C as distributions is given by
pγ ˘ i0qα “ 2
kpγ ˘ i0qα`k
4k
śk
j“1pα` jq
`
α` j ` d´2
2
˘ , (2.13)
which is in fact holomorphic on all of
 
Re pαq ą ´ d
2
(
, and we calculate Res
α“´ d
2
pγ ˘ i0qα “ p¯iqd´1 pi
d
2
Γp d2 q ¨ δ0 (see
section III.3 of [GS1967] for proofs). This already ensures all crucial properties:
Proposition 2.7. The distributions (2.13) are symmetric and LÒ`-invariant. Moreover, for all natural numbersm ă d2 ,
we have
pγ ˘ i0q´m “ p´1q
m´1 Γ
`
d
2
´m˘
4m ΓpmqΓ `d
2
˘ ¨2m logpγ ˘ i0q, (2.14)
and for d ą 2, fundamental solutions for 2 are given by
S˘ :“ p˘iqd`1
Γ
`
d´2
2
˘
4pi
d
2
¨ pγ ˘ i0q 2´d2 . (2.15)
Proof. Symmetry and LÒ`-invariance is obvious for Re pαq ą 0 and thus on all of C, it follows from meromorphicity
and the identity theorem. Holomorphicity on
 
Re pαq ą ´ d
2
(
ensures pγ ˘ i0q´m “ lim
αÑ´m
pγ ˘ i0qα, which leads to
pγ ˘ i0q´m “
2
m d
dα
ˇˇ
α“´m
pγ ˘ i0qα`m
4m
`
d
2
´m˘ . . . d´2
2
p´1qm´1śm´1j“1 pm´ jq “
p´1qm´1 Γ `d
2
´m˘
4m ΓpmqΓ `d
2
˘ ¨ 2m logpγ ˘ i0q.
Particularly at α “ 2´d
2
, it implies
2 pγ ˘ i0q 2´d2 “ lim
αÑ´ d
2
2 pγ ˘ i0qα`1 “ 4 ¨ 2´ d
2
lim
αÑ´ d
2
ˆ
α` d
2
˙
pγ ˘ i0qαlooooooooooooooomooooooooooooooon
“ Res
α“´ d
2
pγ˘i0qα
“ p¯iqd`1 4pi
d
2
Γ
`
d´2
2
˘ ¨ δ0.
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Let us now come to the two-point-function in the prototype case, which is characterized by Wightman’s axioms and
d’Alembert’s equation. In particular, the Hadamard condition corresponds to the spectral condition given by some
constraint on the Fourier transform. Due to the symmetry conditions implied by these axioms, the two-point-function
is completely determined by some L
Ò
`-invariant distributionW on R˚
d, which solves 2W “ 0. The spectral condition
then leads to the general form W “ a dqΩ`0 , a P R, ([RS1975, Ste2000]) and we choose a “ p2piq 2´d2 . Here pf
denotes the Fourier transformation with xx¨, ¨yy used in the exponential, i.e. ordinary Fourier transformation in space
and inverse Fourier transformation in time direction e0, and qf the corresponding inverse operation. The maps
∆˘ : T˘ ÝÑ C, z ÞÝÑ ˘ ip2piqd´1
ż
C¯
eixxz,pyy dΩ¯0 ppq (2.16)
are analytic in the complex forward/backward tube T˘ :“
 
z P Cd ˇˇ Im pzq P I˘(, they are LÒ`-invariant and related
via ∆`pzq “ ´∆´p´zq, z P T`. Hence, for each z P T˘, we obtain ∆˘pzq “ ∆˘px ˘ iεe0q “: ∆εpxq for some
x P Rd, ε ą 0, and one directly calculatesW “ i lim
εÑ0
∆´ε in the distributional sense, that is
W pxq “ 1p2piqd´1 limεÑ0
ż
C`
eixxx´iεe0,pyy dΩ`0 ppq. (2.17)
Due to the inverse Cauchy Schwarz inequality, γ maps T˘ to CzRě0, and hence
a
γpzq P CzR for all z P T˘.
Let σ : T˘ Ñ H˘ :“ t˘Im pzq ą 0u denote the square root of γ with appropriately chosen sign such that again
L
Ò
`-invariance yields∆
˘pzq “ ∆˘`σpzqe0˘, z P T˘. In particular, z “ x˘ iεe0 is mapped to
σpx ˘ iεe0q “ sgnpx0q
b
γ˘ε pxq, γ˘ε pxq :“ γpx˘ iεe0q “ γpxq ´ ε2 ˘ 2iεx0, (2.18)
which lets us evaluate the integrals∆˘ε and thus derive a local expression forW :
∆˘ε “ ˘
iΓ
`
d´2
2
˘
4pi
d
2
¨ `´ γ˘ε ˘ 2´d2 ùñ W “ Γ `d´22 ˘
4pi
d
2
¨ lim
εÑ0
`´ γ´ε ˘ 2´d2 . (2.19)
It is a well-known procedure to extract the advanced and retarded fundamental solution∆A and∆R:
We extract the causal propagator∆C :“ ´2iW a from the antisymmetric part ofW , which turns out to be supported
only in J “  γpxq ě 0( and is a solution of d’Alembert’s equation as well since W a “ ∆` ` ∆´. Hörmander’s
criterion allows us to multiply ∆C with the step function H0 with respect to the time coordinate and integration by
parts reveals 2
`
H0 ¨∆C
˘ “ ´δ0. Therefore, the aforesaid fundamental solutions are given by
∆A :“ p1´H0q ¨∆C , ∆R :“ ´H0 ¨∆C . (2.20)
Due to their support properties, they are unique, so we directly conclude∆A “ R2´ and∆R “ R2`.
Following Radzikowski’s results, the remaining two fundamental solutions are given by
∆F “ iW `∆A, ∆aF “ ´iW `∆R, (2.21)
for which one directly calculates∆F “ S´ and∆aF “ S` outside ofC. It follows that the distributions∆F´S´ and
∆aF ´ S` are symmetric and LÒ`-invariant solutions of d’Alembert’s equation. Moreover, their support is contained
in C and they are homogeneous of degree 2 ´ d, so they have to vanish also on the light cone according to our prior
characterization (2.12). Combining both equations (2.21) leads to the following form of the Wightman distribution,
that is the Hadamard two-point-function in the prototype case:
W “ i
2
`
S` ´ S´ `R2´ ´R2`
˘
. (2.22)
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3 Local Construction
3.1 Families of Riesz-like distributions
We proceed with the local construction of Hadamard bidistributions in a setting pM,E, P q as in Definition 1.1 with
P a wave operator. Inspired by the local construction of the advanced and retarded parametrices for P in [Gün1988,
BGP2007], we introduce families of distributions similar to the Riesz distributions (2.10) but containing S˘ instead,
so for Re pαq ą 0, we introduce the distributions
Lα˘ :“ Cpα, dq ¨ pγ ˘ i0q
α´d
2 , Cpα, dq :“ 2
´αpi
2´d
2
Γ
`
α
2
˘
Γ
`
α´d
2
` 1˘ . (3.1)
Very similar to Rα˘, we have 2L
α`2
˘ “ Lα˘ leading to a holomorphic extension to all of C as distributions, for which
then, moreover, analogous relations hold:
Proposition 3.1. For all α P C, we have
(1) γ ¨ Lα˘ “ αpα´ d` 2qLα`2˘ ,
(2) gradγ ¨ Lα˘ “ 2α gradLα`2˘ ,
(3) 2Lα`2˘ “ Lα˘,
(4) Ld´2n˘ “ 0, n P N,
(5) Ld`2n` “ Ld`2n´ , n P N0,
(6) if Re pαq ą 0, then Lα˘ are distributions of order at most κd :“ 2 ¨
P
d
2
T
.
Proof. The proofs for (1) - (3) and (6) are similar to Proposition 1.2.4 of [BGP2007]. (4): Due to (3), integration by
parts yields
Ld´2n˘ rϕs “ Ld˘
“
2
nϕ
‰ “ Cpd, dq ż
Rd
`
2
nϕ
˘pxq dx “ 0, ϕ P DpRdq, n P N.
(5): Follows from pγ ˘ i0qn “ γn for all n P N0.
With regard to (5), we omit the "˘" if α “ d ` 2n. A crucial property of the Riesz distributions is R0˘ “ δ0, which,
due to (4), fails to be true for Lα˘ in the even-dimensional case. However, it holds for odd d because in that case,
Γ
`
d´2
2
˘ ¨ Γ ` 4´d
2
˘ “ pi
sinp d´22 piq “ p´1q
d`1
2 pi leads to L2˘ “ S˘. In even dimensions, we need a further family that is
"more singular at even numbers", so for α P Czt. . . , d´ 2, d, d` 2, . . .u, we introduce
rLα˘ :“ p˘iqd´α´1
sin
`
d´α
2
pi
˘ ¨ Lα˘ “ rCpα, dq ¨ pγ ˘ i0qα´d2 , rCpα, dq :“ p˘iqd´α´1Γ `d´α2 ˘
2α pi
d
2 Γ
`
α
2
˘ . (3.2)
Indeed, the zeros of Lα˘ and the poles of the prefactor in (3.2) compensate, and hence,
rLα˘ exist as distributions for
all α “ d ´ 2n, n P N, i.e. α ÞÑ rLα˘rϕs are meromorphic functions with simple poles at α “ d, d ` 2, . . . for fixed
ϕ P DpRdq. From the definition follows that (1), (2), (3), (6) of Proposition 3.1 also hold for rLα˘ and in addition, we
have rL2˘ “ S˘ and at all non-pole-integers
rLα˘ “
#
Lα˘, d´ α odd,
˘ i
pi
Ld2n logpγ ˘ i0q, α “ d´ 2n, n P N.
(3.3)
Remark 3.2. Also for d “ 1 and d “ 2, (3.1) - (3.3) provide the respective fundamental solutions:
L2pxq “ |x|
2
, rL2˘ “ ˘ i2pi logpγ ˘ i0q,
such that rL0˘ “ δ0 also in these cases.
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Following section 1.4 of [BGP2007], we now transfer the families tLα˘uαPC, trLα˘uαPCztd,d`2,...u locally to M . For
p PM and Ω ĂM geodesically starshaped with respect to p, let
Γppqq :“ γ
`
exp´1p pqq
˘
, µppqq :“
ˇˇ
det
`
d expp
˘ˇˇ
exp
´1
p pqq
ˇˇ
, q P Ω,
denote the squared Lorentz distance to p and the distortion function (section 1.3 of [BGP2007]), which is related to
the van-Vleck-Morette-determinant via ∆ “ 1
µ
. On Ω, we define
LΩ˘pα, pqrϕs :“ Lα˘
“pµpϕq ˝ expp‰ , ϕ P DpΩq, (3.4)
which provides holomorphic maps α ÞÑ LΩ˘pα, pqrϕs and, analogously, meromorphic maps α ÞÑ rLΩ˘pα, pqrϕs with
simple poles at α “ d, d` 2, . . ..
Proposition 3.3. Let p PM and Ω ĂM be geodesically starshaped with respect to p. Then, for all α P C, we have:
(1) For Re pαq ą d, the maps p ÞÑ LΩ˘pα, pq are continuous on Ω and given by
LΩ˘pα, pq “ Cpα, dq pΓp ˘ i0q
α´d
2 . (3.5)
(2) Γp ¨ LΩ˘pα, pq “ αpα ´ d` 2q ¨ LΩ˘pα` 2, pq,
(3) grad Γp ¨ LΩ˘pα, pq “ 2α gradLΩ˘pα` 2, pq,
(4) 2LΩ˘pα` 2, pq “
´
2Γp´2d
2α
` 1
¯
¨ LΩ˘pα, pq, α ‰ 0.
(5) For Re pαq ą 0, (3.4) yield distributions of order at most κd. Moreover, there is an open neighborhood U of
p and some C ą 0 such thatˇˇ
LΩ˘pα, qqrϕs
ˇˇ ď C ¨ }ϕ}Cκd pΩq, q P U, ϕ P DpΩq.
(6) Let U Ă Ω be an open neighborhood of p such that Ω is geodesically starshaped with respect to all q P U .
Furthermore, let Re pαq ą 0 and V P Cκd`kpU ˆ Ωq such that suppV pq, ¨q Ă Ω is compact for all q P U .
Then q ÞÑ LΩ˘pα, qqrV pq, ¨qs P CkpUq.
(7) For all ϕ P Ckc pΩq, the map α ÞÑ LΩ˘pα, pqrϕs is holomorphic on
 
Re pαq ą d´ 2tk
2
u
(
.
On the domain of holomorphicity of rLΩ˘pα, pq, the statements (1) - (7) remain true, when we replace LΩ˘pα, pq and
Cpα, dq by rLΩ˘pα, pq and rCpα, dq.
(8) For d´ α an odd integer, we have LΩ˘pα, pq “ rLΩ˘pα, pq.
(9) rLΩ˘p0, pq “ δp.
(10) For all n P N, we have LΩ˘pd´ 2n, pq “ 0 and LΩ`pd` 2n´ 2, pq “ LΩ´pd` 2n´ 2, pq.
Proof. The proofs of (1) - (7) are similar to those of Proposition 1.4.2 of [BGP2007] and by employing the respective
properties of rLα˘, they also apply here. Moreover, (8) follows directly from (3.3), (10) from 3.1 and (9) from rL0˘ “ δ0
and µpppq “ detpidTpM q “ 1.
Corollary 3.4. Proposition 3.3 leads to the following relations:
• For d odd, we have LΩ˘p0, pq “ δp.
• For Ω moreover convex, i.e. starshaped w.r.t. all p P Ω, α P C and u P DpΩˆ Ωq, we haveż
Ω
LΩ˘pα, pqrupp, ¨qs dV ppq “
ż
Ω
LΩ˘pα, qqrup¨, qqs dV pqq (3.6)
and similarly for rLΩ˘pαq.
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3.2 The Hadamard series
Let E be a real vector bundle over M , Ω Ă M geodesically starshaped with respect to some p P Ω and
P : C8pM,Eq Ñ C8pM,Eq a wave operator. Adopting the approach pursued in section 5.2 of [Gar1964], we start
the deduction of local expressions for Feynman and anti-Feynman parametrices for P at p by taking the following
ansatz of a formal Hadamard series:
L˘ppq :“
$’’’&’’’%
8ř
k“0
UkpL
Ω
˘p2k ` 2, pq `
8ř
k“ d´2
2
W kp L
Ωp2k ` 2, pq, d odd,
d´4
2ř
k“0
Ukp
rLΩ˘p2k ` 2, pq ˘ ipi 8ř
k“ d´2
2
`
Ukp logpΓp ˘ i0q `W kp
˘
LΩp2k ` 2, pq, d even,
(3.7)
with coefficients Ukp ,W
k
p P C8
`
Ω, E˚p b E
˘
yet to be determined. For ϕ P DpΩ, E˚q, we identify Ukpϕ,W kp ϕ with
E˚p -valued test functions (see section 2.1 of [BGP2007]), so L˘ppq is (formally) understood as a distribution mapping
DpΩ, E˚q to the complexified fiber E˚p bR C. Similar to the procedure in chapter 2 of [BGP2007], we determine
Ukp ,W
k
p by formally demandingPL˘ppq “ δp, which, by imposing the initial conditionU0p ppq “ idE˚p and by means
of (A.1) and Corollary B.1, leads to the transport equations
2k PUk´1p “ ∇grad ΓpUkp ´
ˆ
1
2
2Γp ´ d` 2k
˙
Ukp , k P N0, (3.8)
2k PW k´1p “
$&%
∇grad ΓpW
k
p ´
`
1
2
2Γp ´ d` 2k
˘
W kp , k ` 12 P N, k ě d2 ,
∇grad ΓpW
k
p ´
`
1
2
2Γp ` 2k ´ d
˘
W kp ` 2k PU
k´1
p
k´ d´2
2
´ 2Ukp , k P N, k ě d2 .
(3.9)
For the full calculation, we refer to section A.2 in the appendix of this work.
Remark 3.5. Note that there is no constraint on W
d´2
2
p , which is therefore free to choose. Hence, even if (3.7)
converges, the requirement PL˘ppq “ δp determines L˘ppq only up to smooth solutions
8ř
k“0
ck,dpW kp ´ ĂW kp q Γk
withW kp ,ĂW kp arising from different choices ofW d´22p .
Proposition 3.6. Let O Ă Ω be a non-empty domain such that Ω is geodesically starshaped with respect to all p P O.
For anyW d´2
2
P C8pO ˆ Ω, E˚ ⊠ Eq, there are unique and smooth solutions of (3.8) and (3.9) given by
U0pp, qq “
Πpqa
µpp, qq ,
Ukpp, qq “ ´kU0pp, qq
ż 1
0
tk´1U0
`
p, φpqptq
˘´1`
Pp2qUk´1
˘`
p, φpqptq
˘
dt, k ě 1, (3.10)
Wkpp, qq “ ´kU0pp, qq
ż 1
0
tk´1U0
`
p, φpqptq
˘´1xWk´1`p, φpqptq˘ dt, k ě d
2
. (3.11)
Πpq : Ep Ñ Eq denotes the ∇-parallel transport, φpq : r0, 1s Ñ Ω the unique geodesic connecting p, q (A.5) and
xWk´1 :“
$&% Pp2qWk´1, k `
1
2
P N, k ě d
2
,
Pp2q
´
Wk´1 ´ Uk´1
k´ d´2
2
¯
` Uk
k
, k P N, k ě d
2
.
Proof. The transport equations (3.8) and for half-integer k also (3.9) coincide with (2.3) of [BGP2007]. Therefore,
Uk and for k ` 12 P N also Wk are the Hadamard coefficients given by (3.10) and (3.11) due to Proposition 2.3.1 of
[BGP2007]. For integer k, we can apply the same proof for Wk with PW
k´1
p replaced by
xW k´1p everywhere, for
which the same procedure then leads to (3.11).
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Corollary 3.7. For Ω convex, E equipped with a non-degenerate inner product and P formally self-adjoint, we have
symmetry of Uk for all k P N0 and, in case of symmetricW d´2
2
, ofWk for half-integer k ě d2 in the sense of (A.3).
Remark 3.8. Note that in the odd-dimensional case,W
d´2
2
p “ 0 leads toW kp “ 0 for all k, whereas, as a consequence
of the coupling with Ukp , for even dimensions, we haveW
k
p ‰ 0, in general.
More remarkably, theWk’s fail to be symmetric in the even-dimensional case, i.e. for integer k, even if we choseW d´2
2
to be symmetric. This phenomenon is closely related to the conformal trace anomaly, which indeed does not occur in
odd-dimensional spacetimes [Wal1978, Wal1994, DF2008].
3.3 Local parametrices and Hadamard bidistributions
From now on, let Ω Ă M always denote a convex domain, i.e. geodesically starshaped with respect to all p P Ω.
We referred to (3.7) as formal since in general, the series do not converge, and we merely employed it in order to
extract the transport equations (3.8) - (3.9). Nevertheless, it leads to left parametrices by some well-known procedure
[Fri1975, Gün1988, BGP2007], which smoothly cuts offL˘ppq away from its singular support and leads to convergent
series on relatively compact domains. Due to the derivatives arising from the cut-off, this results in left parametrices
for P at p rather than fundamental solutions. To be more precise, for N ą d
2
, some sequence tεkukěN Ă p0, 1s and
σ P D`r´1, 1s, r0, 1s˘with σˇˇr´ 12 , 12 s ” 1, we define
ĂL˘ppq :“
$’’’’&’’’’%
8ř
k“0
rUkpLΩ˘p2k ` 2, pq ` 8ř
k“ d´2
2
ĂW kp LΩp2k ` 2, pq, d odd,
d´4
2ř
k“0
Ukp
rLΩ˘p2k ` 2, pq ˘ ipi 8ř
k“ d´2
2
`rUkp logpΓp ˘ i0q `ĂW kp ˘LΩp2k ` 2, pq, d even, (3.12)
where
rUk :“
$&% Uk, k ă N,´σ ˝ Γ
εk
¯
¨ Uk, k ě N,
ĂWk :“
$&% Wk, k ă N,´σ ˝ Γ
εk
¯
¨Wk, k ě N.
(3.13)
Proposition 3.9. For any relatively compact domain O Ă Ω and any smooth choice of W d´2
2
, there is a sequence
tεkukěN Ă p0, 1s such that (3.12) yield well-defined distributions for all p P O, and
(i) sing supp
´ ĂL˘ppq¯ Ă Cppq,
(ii) P ĂL˘ppq “ δp `K˘pp, ¨q with K˘ P C8pO ˆO,E˚ ⊠ Eq,
(iii) p ÞÑ ĂL˘ppqrϕs P C8pO,E˚q for all ϕ P DpO,E˚q,
(iv) they are of order at most κd,
(v) there is a constant C ą 0 such that ˇˇ ĂL˘ppqrϕsˇˇ ď C}ϕ}Cκd pO,E˚q for all p P O and ϕ P DpO,E˚q.
The proofs of Lemma 2.4.1 - 2.4.4 of [BGP2007] only employ smoothness of the Hadamard coefficients and
σ
´
Γpp,qq
εk
¯
“ 0 if |Γpp, qq| ě εk, so replacing there RΩ˘ by LΩ˘ proves the Proposition in the odd-dimensional case.
Similarly, we obtain convergence in C8 of theWk-part in even dimensions. However, for the logarithmic terms, we
have to adapt the corresponding estimates, which is of purely technical nature and therefore removed to the Appendix.
Considering ĂL˘,K˘ as Schwartz kernels, we extract the corresponding operatorsrL˘ : DpO,E˚q ÝÑ C8pO,E˚q, ϕ ÞÝÑ `p ÞÑ ĂL˘ppqrϕs˘, (3.14)
K˘ : C
0pO,E˚q ÝÑ C8pO,E˚q, u ÞÝÑ
ˆ
p ÞÑ
ż
O
K˘pp, qqupqq dV pqq
˙
, (3.15)
which are bounded due to compactness of O.
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Let E be equipped with some non-degenerate inner product and P be formally self-adjoint, which implies symmetry
of the Hadamard coefficients (Theorem A.7). The aim of the rest of the section is to show that then, for all choices
involved in Proposition 3.9, the corresponding operators (3.14) represent anti-Feynman and Feynman parametrices for
P t in the sense of Duistermaat-Hörmander.
Corollary 3.10. Let rL˘ and rL1˘ be the operators (3.14) arising from two different choices ofN,W d´2
2
, O and tεkukPN.
Then rL˘ ´ rL1˘ is a smoothing operator on O XO1.
Proof. The Schwartz kernels of these differences are given by the bidistributions
pp, qq ÞÝÑ ` ĂL˘ppq ´ ĂL 1˘ppq˘pqq,
which are smooth by Lemma 2.4.3 of [BGP2007] and Lemma C.2 since supp pσk ´ σ1kq X Γ´1p0q “ H for all k.
Note that in terms of the operators (3.14), (3.15), Proposition 3.9 (iii) reads rL˘P t “ id ` K˘ with K˘ smoothing.
Hence, rL˘ are left parametrices for P t and due to formal self-adjointness of P , they also provide right parametrices:
Proposition 3.11. For P formally self-adjoint, the operators rL˘ define two-sided parametrices for P t.
Proof. We just have to show that rL˘ yield right parametrices. From the symmetry properties of LΩ˘pαq and rUk ((3.6)
and Theorem A.7) directly followsż
O
LΩ˘p2k ` 2, pq
“`rUkpp, ¨qϕ˘`ψppq˘‰ dV ppq “ ż
O
LΩ˘p2k ` 2, qq
“rUkpq, ¨qΘψ`Θ´1q ϕpqq˘‰ dV pqq (3.16)
for all ϕ P DpO,E˚q, ψ P DpO,Eq and k P N0. This works analogously for the logarithmic and rLΩ˘-terms in (3.12).
Furthermore, the series involving the coefficients ĂWk are given by convergent power series ř8j“0 ajΓj , which yield
smooth sections in E˚ ⊠ E. Altogether, we obtain the decomposition rL˘ “ U˘ ` W with U˘ representing the
symmetric rUk-part, i.e. U t˘ “ Θ´1U˘Θ, andW the smoothĂWk-part. Hence, rL˘ is symmetric up to smoothing in the
sense rL˘ “ Θ rLt˘Θ´1 `W ´ΘWtΘ´1loooooooomoooooooon
smoothing
, (3.17)
from which we directly deduce the claim:
P t rL˘ “ P t`Θ rLt˘Θ´1 `W ´ΘWtΘ´1˘ “ ΘP rLt˘Θ´1 ` P tWt ´ P tΘWtΘ´1
“ Θ` rL˘P t˘tΘ´1 `ΘP `Θ´1W ´WtΘ´1˘ “ id`ΘKt˘Θ´1 `ΘP `Θ´1W ´WtΘ´1˘loooooooooooooooooooooomoooooooooooooooooooooon
smoothing
.
If P is formally self-adjoint, then so is the operator
rL :“ i
2
p rL` ´ rL´q (3.18)
due to symmetry of its Schwartz kernel ĂL “ i
2
` ĂL` ´ ĂL´˘ by (3.16).
So far, we found two-sided parametrices rG˘, rL˘ given by Hadamard series (A.11), (3.12), and [SV2001] actually
proved equivalence of the Hadamard condition (1.6) and that the bidistribution is given by a certain Hadamard series.
This latter condition therefore allows us to express (1.8) in terms of rG˘, rL˘ by directly comparing the corresponding
Hadamard series. More precisely, we confirm that i
2
` ĂL`´ ĂL´` rG`´ rG´˘ is a Hadamard bidistribution, which, up to
smooth errors, moreover is a bisolution with the right antisymmetric part. By examining a further linear combination
of parametrices, it will follow that ĂL˘ represent a Feynman and an anti-Feynman parametrix.
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Proposition 3.12. LetO Ă Ω be relatively compact, P formally self-adjoint and rR˘, ĂL˘ the bidistributions given by
(A.11) and (3.12). Then, for
rH :“ i
2
` ĂL` ´ ĂL´ ` rR´ ´ rR`˘, (3.19)
the sectionsP tp1q
rH,Pp2q rH are smooth, the antisymmetric part of rH is given by i2` rR´´ rR`˘ and rH has the Hadamard
singularity structure (1.6). Furthermore,ĂL` ` ĂL´ ´ rR´ ´ rR` P C8pO ˆO,E˚ ⊠ Eq. (3.20)
Proof. The first two claims are immediate conclusions from rR˘, rL˘ being two-sided parametrices and ĂL being
symmetric, so we proceed with the Hadamard singularity structure.
Let k, j P N0 such that k ě j, and for even d, let either j, k ď d´22 or j, k ą d´22 . Then
RΩ˘p2k ` 2q
RΩ˘p2j ` 2q
“ L
Ω
˘p2k ` 2q
LΩ˘p2j ` 2q
“
rLΩ˘p2k ` 2qrLΩ˘p2j ` 2q “ Cp2k ` 2, dqCp2j ` 2, dqloooooomoooooon
“:Kk,j,d‰0
Γk´j (3.21)
due to (3.2) and Proposition 3.3. RΩ˘pαq denote the Riesz distributions (A.10), which are considered as bidistributions
in the canonical way. Define
HΩp2q :“ i
2
`rLΩ`p2q ´ rLΩ´p2q `RΩ´p2q ´RΩ`p2q˘,
HΩpdq :“ ´L
Ωpdq
2pi
`
logpΓ` i0q ` logpΓ´ i0q˘` i
2
`
RΩ´pdq ´RΩ`pdq
˘ (3.22)
such that the Hadamard series (3.19) takes the form
rH “
$’’’&’’’%
HΩp2q
8ř
k“0
Kk,0,d ¨ rUkΓk, d odd,
HΩp2q
d´4
2ř
k“0
Kk,0,d ¨ rUkΓk `HΩpdq 8ř
k“ d´2
2
Kk, d´2
2
,d ¨ rUkΓk´ d´22 , d even. (3.23)
We show that this is of Hadamard form in the sense of Definition 5.1 in [SV2001], where mostly the notations and
conventions of [Gün1988] are adopted. In particular, the Hadamard coefficients Upkq used in [SV2001] are related
with Uk via 2
kk! ¨Upkq “ Uk (see Remark 2.3.2 of [BGP2007]). In addition, with the notation pα, kq :“ 2k ¨ Γp
α
2
`kq
Γpα2 q ,
we find p2j ` 2, k ´ jq ¨ p2j ` 4´ d, k ´ jq “ K´1k,j,d as defined in (A.15), and hence,
Kk,0,d ¨ Uk “
2k ¨ k! ¨ Upkq
2k ¨ k! ¨ p4´ d, kq “
Upkq
p4´ d, kq ,
Kk, d´2
2
,d ¨ Uk “
2k ¨ k! ¨ Γ `d
2
˘ ¨ Upkq
4k´
d´2
2 ¨ k! ¨ Γ `k ` 2´ d
2
˘ “ `2, d´22 ˘
2k`d´2 ¨ `k ´ d´2
2
˘
!
¨ Upkq.
For all n P N, we choose N ě n ` Pd
2
T
in (3.13), so the series in (3.23) truncated at k “ n ` Pd
2
T
coincide with
U, V pnq, T pnq given in Appendix A.1 of [SV2001]. The remainder term is then of regularity Cn and corresponds to
Hpnq in Definition 5.1 of [SV2001].
It remains to identify the singular terms (3.22) with Gp1q, Gp2q given by (5.3) in [SV2001] up to some global factor,
which is ´2 in the odd- and 2 ¨ p´1q d2 in the even-dimensional case. Moreover, note that for the squared Lorentzian
distance in the definition of Gp1q, Gp2q, the convention s “ ´Γ is used, whereas in Appendix A.1, it is s “ Γ.
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Let p, q P O. By definition of rLΩ˘pα, pq and RΩ˘pα, pq as well as (2.21), we have HΩp2, pq “ ` expp ˘˚W with W
Wightman’s solution for pRdMink,2q. Then (2.19) leads to
HΩp2, pqpqq “ Γ
`
d´2
2
˘
4pi
d
2
lim
εÑ0
`´ Γpp, qq ` 2iε ¨ q0 ` ε2˘ 2´d2
in the distributional sense with q0 “ ` exp´1p pqq˘0. Since Γ `d´22 ˘Γ `1´ d´22 ˘ “ p´1q d`12 pi for odd d,
this coincides with Gp1q. Furthermore, one directly calculates HΩpdq ´ Gp2q “ 0 away from Γ´1p0q. For
φpqptq :“ expp
`
t exp´1p pqq
˘
with t P r0, 1s, we obtain Γ`p, φpqptq˘ “ t2 ¨ Γpp, qq. Similar to (2.18), we set
Γ˘ε pp, ¨q :“ γ˘ε ˝ exp´1p , which yields Γ˘ε
`
p, φpqptq
˘ “ t2 ¨ Γ˘ε
t
`
p, q
˘
for all t P p0, 1s, and hence,
Gp2q
`
p, φpqptqq “ ´L
Ωpdq
pi
lim
εÑ0
log
`´ Γ˘ε `p, φpqptq˘˘ “ ´2LΩpdqpi ¨ log t`Gp2qpp, qq.
On the other hand, since RΩ˘pdq, LΩpdq are homogeneous distributions of degree 0, (3.22) provides
HΩpd, pq`φpqptq˘ “ ´LΩpdq
2pi
`
2 log t` 2 log t˘`HΩpd, pqpqq “ ´2LΩpdq
pi
¨ log t`HΩpd, pqpqq.
Of course, both expressions have to be understood in the distributional sense. Since Ω is diffeomorphic to
exp´1p pΩq Ă TpM for all p P Ω, their difference corresponds to a LÒ`-invariant distributions on Minkowski space
Rd, which is supported on the light cone and homogeneous of degree 0. Therefore, by the classification (2.12), it has
to vanish everywhere and thus, Theorem 5.8 of [SV2001] ensures that rH is of Hadamard form in the sense of (1.6).
It remains to show (3.20). According to (3.22), we define
AΩp2q :“ i
2
`rLΩ`p2q ` rLΩ´p2q ´RΩ´p2q ´RΩ`p2q˘,
AΩpdq :“ ´L
Ωpdq
2pi
`
logpΓ` i0q ´ logpΓ´ i0q˘´ i
2
`
RΩ´pdq `RΩ`pdq
˘ (3.24)
such that for (3.20), we obtain the expression (3.23) with HΩp2q, HΩpdq replaced by AΩp2q, AΩpdq and it suffices to
show smoothness of the bidistributions (3.24). For AΩp2q, this follows directly from the definitions of rLΩ˘p2q, RΩ˘p2q
as pullbacks of S˘, R
2
˘ along a diffeomorphism and (2.21). On the other hand, one directly calculates that A
Ωpdq is
given by the constant´iCpd, dq.
Since ĂL˘, rR˘ are determinedmerely up to smooth sections, without loss of generality, we regard (3.20) as the equalityĂL` ` ĂL´ “ rR´ ´ rR`. (3.25)
Now we can deduce from Theorem 5.1 of [Rad1996] and section 6.6 of [DH1972] that the operators rL˘ represent
anti-Feynman and Feynman parametrices for P t in the sense of (1.9).
3.4 Local fundamental solutions and Hadamard bisolutions
It remains to construct actual local bisolutions SO for P from the parametrices rL˘ following the lines of section 2.4
of [BGP2007]. By Proposition 3.9 (ii), we have ĂL˘P t ˇˇDpO,E˚q “ id ` K˘, and hence, fundamental solutions are
obtained by inverting the operators id ` K˘. Indeed, if volpOq ¨ }K˘}C0pOˆOq ă 1, that is, for O chosen "small
enough", (3.15) provides isomorphisms id ` K˘ : ClpO,E˚q ÝÑ ClpO,E˚q for all l P N0 with bounded inverses
given by the Neumann series
pid`K˘q´1 “
8ÿ
j“0
p´K˘qj . (3.26)
This means that all Cl-norms of the series exist, which follows from compactness of O and smoothness of K˘. The
full proof coincides with the one of Lemma 2.4.8 of [BGP2007]. In the following, we restrict to such small domains:
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Definition 3.13. We call a relatively compact and causal subdomain O of Ω admissible if Proposition 3.9 provides
parametrices rL˘ via (3.14) such that the smooth Schwartz kernelK˘ of rL˘P t ´ id fulfills
volpOq ¨ }K˘}C0pOˆOq ă 1. (3.27)
More precisely, O is admissible if there is a choice of tεkuk andW d´2
2
such that (3.27) holds for the corresponding
K˘. Lemma 2.4.8 of [BGP2007] shows that for O admissible, the corresponding operators rL˘P t “ id ` K˘ are
isomorphisms with bounded inverses (3.26).
Proposition 3.14. For any admissible O, the operatorsrSO˘ :“ pid`K˘q´1 rL˘ : DpO,E˚q Ñ C8pO,E˚q
fulfill rSO˘P t ˇˇDpO,E˚q “ id, and hence, the distributions rSO˘ ppq, p P O, given byrSO˘ ppqrϕs “ `pid `K˘q´1 rL˘ϕ˘ppq, ϕ P DpO,E˚q, (3.28)
yield fundamental solutions for P at p. Furthermore,Q˘ :“ pid`K˘q´1 ´ id are smoothing operators.
Proof. The first claim follows from rL˘P t “ id `K˘. Moreover, Proposition 3.9 and Lemma 2.4.10 of [BGP2007],
with rR˘p¨qrϕs and FΩ˘ p¨qrϕs replaced by rL˘ϕ and rSO˘ϕ, show that (3.28) yield fundamental solutions. Finally, (3.26)
directly yields Q˘ “ pid ` K˘q´1 ˝ K˘, which is smoothing since K˘ is, and pid ` K˘q´1 is a continuous map
C8pM,E˚q Ñ C8pM,E˚q.
From now on, let E be always equipped with some non-degenerate inner product, P formally self-adjoint and O
admissible.
Proposition 3.15. The operators rSO˘ ´ rL˘ are smoothing.
Proof. Note that rSO˘ ´ rL˘ “ Q˘ rL˘. SinceQ˘, rL˘ are bounded andQ˘ has a smooth Schwartz kernel, they extend
to bounded maps
Q˘ : DpO,E˚q1 Ñ C8pO,E˚q, rL˘ : EpO,E˚q1 Ñ DpO,E˚q1.
Hence,Q˘ rL˘ : EpO,E˚q1 Ñ C8pO,E˚q are bounded and therefore smoothing.
It follows that rSO˘ yield anti-Feynman and Feynman parametrices for P t on O. Moreover, their Schwartz kernels
determine a real-valued bidistribution via
rSOrψ, ϕs :“ i
4
´rSO` rψ, ϕs ´ rSO´ rψ, ϕs ´ rSO` rψ, ϕs ` rSO´ rψ, ϕs¯ , ψ P DpO,Eq, ϕ P DpO,E˚q, (3.29)
which has the right singularity structure and is a solution forP in the second argument, meaningWF
`rSO ˘ “WF` ĂL ˘
and Pp2q rSO “ 0.
Proposition 3.16. Let M be a globally hyperbolic Lorentzian manifold, pi : E Ñ M a real vector bundle with non-
degenerate inner product and P : C8pM,Eq Ñ C8pM,Eq a formally self-adjoint wave operator. Furthermore, let
O ĂM be admissible and ĂL denote the bidistribution given by Proposition 3.9 and (3.18). Then there is a bisolution
SO : DpO,Eq ˆDpO,E˚q Ñ R for P with WF`SO˘ “ WF` ĂL ˘.
Proof. SinceO is admissible, we obtain fundamental solutions rSO˘ ppq at each p P O, and furthermore, (3.29) provides
p ÞÑ rSOppqrϕs P C8pO,E˚q for all ϕ P DpO,E˚q. Moreover, as a causal subdomain of a globally hyperbolic
Lorentzian manifold,O is globally hyperbolic on its own right (Lemma A.5.8 of [BGP2007]). Hence, for Σ a Cauchy
18
Hadamard states for bosonic quantum field theory on globally hyperbolic spacetimes
hypersurface of O with unit normal field ν, there is a unique smooth solution of$’’&’’%
P t
`
SOp¨qrϕs˘ “ 0,
SOp¨qrϕsˇˇ
Σ
“ rSOp¨qrϕsˇˇ
Σ
,
∇ν
`
SOp¨qrϕs˘ˇˇ
Σ
“ ∇ν rSOp¨qrϕsˇˇΣ.
By continuous dependence on the Cauchy data, SOppq defines an E˚p -valued distribution for all p P O. Furthermore,
SOp¨qrP tϕs “ 0 for all ϕ since it satisfies the trivial Cauchy problem.
It remains to check the wave front set, i.e. smoothness of DO :“ ĂL ´ SO. Since SO, rSO and ĂL yield parametrices
for P , the sections given by Pp2qD
O , P tp1qD
O and ĂL ´ rSO are smooth, and hence, DO is the solution of a Cauchy
problem with smooth Cauchy data, which is smooth by Theorem 2.2.
Altogether, any choice of parametrices ĂL˘ in the sense of Proposition 3.9 leads to a bisolution SO with singularity
structure given by i
2
p rGaF ´ rGF q in the sense of (1.9), so we constructed bisolutions with the Hadamard singularity
structure on every O ˆO:
Theorem 3.17. LetM be a globally hyperbolic Lorentzian manifold, O Ă M an admissible domain, pi : E Ñ M a
real vector bundle with non-degenerate inner product and P : C8pM,Eq Ñ C8pM,Eq a formally self-adjoint wave
operator. For SO the bisolution given by Proposition 3.16 and G˘ the advanced and retarded Green operator on O,
the bisolutionHO :“ SO ` i
2
`
G` ´G´
˘
is of Hadamard form.
Proof. Due to smoothness of SO ´ ĂL andG˘´ rG˘, we obtain smoothness ofHO ´ rH , so Proposition 3.12 ensures
the Hadamard property ofHO.
Remark 3.18. For l P N0 and p P Ω, let L N`l˘ ppq denote the formal Hadamard series (3.7) with all terms k ě N ` l
removed and L N`l :“ i
2
`
L
N`l
` ´L N`l´
˘
. Then Lemma 2.4.2 of [BGP2007] with RΩ˘ replaced by L
Ω
˘ and Lemma
C.2 for the logarithmic part show that pp, qq ÞÑ `SOppq ´L N`lppq˘pqq represents a Cl-section over O ˆ O. This
and the corresponding result for rG˘ (Proposition 2.5.1 in [BGP2007]) ensure thatHO is given by a Hadamard series
up to terms of arbitrarily high regularity.
4 Global Hadamard two-point-functions
So far, we constructed Hadamard bisolutions on products of certain small patchesOˆO, and in this final section, the
construction of global bisolutions S, which locally coincide with those SO up to smooth bisolutions and thus inherit
their singularity structure, is tackled. Assuming E to be Riemannian and the validity of Theorem 6.6.2 of [DH1972]
for sections in E, we furthermore prove the existence of a smooth bisolution u such that S ` u is symmetric and
positive, i.e. a Hadamard two-point-function.
4.1 Global construction of symmetric bisolutions
For M globally hyperbolic, we fix a Cauchy hypersurface Σ Ă M and two locally finite covers O :“ tOiuiPI ,
O1 :“  O1i(iPI of it by admissible subsets of M with Oi Ă O1j if and only if i “ j. Without loss of generality, we
assume thatOiXΣ is a Cauchy hypersurface ofOi for all i. ThenN :“
Ť
iPI Oi yields a causal normal neighborhood
of Σ in the sense of Lemma 2.2 of [KW1991]. By paracompactness ofM and the Hopf-Rinow-Theorem, we find an
exhaustion tAmumPN of I by finite subsets such that the relatively compact sets Nm :“
Ť
iPAm
Oi exhaust N and
every compact subset of N is contained in some Nm. Besides that, causality of O implies O Ă DpOq “ DpO X Σq
and therefore,
Nm Ă
ď
iPAm
DpOi X Σq Ă D
˜ ď
iPAm
Oi X Σ
¸
“ DpNm X Σq, (4.1)
where D stands for the Cauchy development of the respective set. It follows that every inextendible causal curve in
Nm meets Nm X Σ exactly ones, so Nm X Σ is a Cauchy hypersurface of Nm, i.e. Nm is globally hyperbolic. In
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addition, for all i P I , we choose the corresponding local bisolutions SO1i , SOi obtained by Theorem 3.17 such that
SO
1
i
ˇˇ
OiˆOi
“ SOi .
Proposition 4.1. For each O P O, there is a bisolution pSO on O ˆM satisfying pSO ˇˇ
OˆO
“ SO .
Proof. Let O1 P O1 such that O Ă O1, and χ P DpO1q with χˇˇ
O
“ 1. Then χSO1ppq is a well-defined distribution
with spacelike compact support onM for all p P O, since χSO1ppqrϕs “ SO1ppqrχϕs, ϕ P DpM,E˚q. With regard
to Theorem 2.4, we define pSOppq P DpM,E,E˚p q1 as the unique solution of$’’&’’%
P pSOppq “ 0,pSOppqˇˇ
Σ
“ χSO1ppqˇˇ
Σ
,
∇ν pSOppqˇˇΣ “ ∇ν`χSO1ppq˘ˇˇΣ,
(4.2)
which moreover depends smoothly on p in the sense p ÞÑ pSOppqrϕs P C8pO,E˚q for fixed ϕ P DpM,E˚q. Fur-
thermore, global hyperbolicity of O ensures pSO ˇˇ
OˆO
“ SO by Theorem 2.2, since the difference solves the trivial
Cauchy problem on O ˆO.
Let T ppqrϕs :“ P t`pSOp¨qrϕs˘ppq and hence T ppq P DpM,E,E˚p q1 for all p P O. It follows that PT ppq “ 0, and
T ppqrϕs “ 0 “ T ppqr∇νϕs if suppϕ Ă O, which leads to T ppq
ˇˇ
Σ
“ ∇νT ppq
ˇˇ
Σ
“ 0. Consequently, it satisfies the
trivial Cauchy problem, so we have T ppq “ 0, that is, pSO represents a bisolution.
This definition of pSO is independent of the choice of χ in an appropriate sense: Let rχ P DpO1q be another cut-
off with rχˇˇ
O
“ 1 and corresponding bisolution rSO. Then D :“ pSO ´ rSO is a bisolution with Cauchy data on
pO X Σq ˆ Σ given by pχ ´ rχqSO1 . Recall that sing suppSO1 Ă Γ´1p0q X pO1 ˆ O1q, so causality of O yields
sing suppSO
1ppqˇˇ
Σ
Ă `CM ppq X O1 X Σ˘ Ă O for all p P O, and hence, sing suppχSO1 ˇˇ
OXΣˆΣ
is contained in
OˆO. SinceD satisfies the trivial Cauchy problem onOˆO, i.e.Dˇˇ
OˆO
“ 0, it is a smooth bisolution by Theorem
2.2. Therefore, pSO and rSO differ merely by some smooth bisolution.
b
b b
p O
O1
ΣDppq “ 0
CM ppq
sing supp pSO1ppqˇˇ
Σ
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Next, we prove the existence of a compatible choice of bisolutions tpSOiuiPI , meaning that they coincide on the
overlaps Oi X Oj , i, j P I . In this way, these compatible bisolutions assemble to a well-defined object on N ˆM .
The tools for such a procedure are provided by Cˇech cohomology theory, for which we give a brief and purposive
overview. For an introduction to this subject with details and proofs, we refer to section 5.33 of [War1983].
On N ˆ M , let C8 denote the sheaf given by the germs of the smooth sections in E˚ ⊠ E (see Example 5.2 in
[War1983]). For the open cover OM :“ tOi ˆ MuiPI of N ˆ M , the n-simplices correspond to the non-empty
(n` 1)-times intersections
OMi0...in :“
`
Oi0 X . . .XOin
˘ˆM, i0, . . . , in P I,
with n` 1 faces  OM
i0...ˆik...in
(
k“0,...,n
obtained by leaving out one Oi in the intersection, respectively. An n-cochain
is a map that assigns to each non-empty OMi0...in a section of C
8 over OMi0...in , which we identify with the elements
of C8
`
OMi0...in , E
˚
⊠ E
˘
. The space of n-cochains is denoted by CnpOM ,C8q, where Cn :“ t0u if n ă 0, and the
coboundary operator is defined by
Bn : CnpOM ,C8q ÝÑ Cn`1pOM ,C8q, pBnfnq
`
OMi0...in`1
˘
:“
n`1ÿ
k“0
p´1qk ¨ fn
`
OM
i0...ˆik...in`1
˘ˇˇ
OM
i0...in`1
.
It follows that Bn`1 ˝ Bn “ 0 for all n P N0 and we set HnpOM ,C8q :“ ker Bnran Bn´1 . These modules are trivial for all
n P N by some well-known construction (e.g. p. 202 in [War1983]), employing that C8 admits a partition of unity
subordinate to the locally finite coverOM :
Lemma 4.2. For all n P N, we have
HnpOM ,C8q “ t0u.
Proof. By choice of O, the coverOM is locally finite. Let tχiuiPI denote a partition of unity subordinate to OM and
fn P CnpOM ,C8q. Then, for each i P I , the smooth section χifn
`
OMi XOMi0...in´1
˘
is supported in OMi XOMi0...in´1 ,
and thus, via extension by zero, we consider it as an element of C8
`
OMi0...in´1 , E
˚
⊠ E
˘
. In this way, we obtain
homomorphisms hn : C
npOM ,C8q Ñ Cn´1pOM ,C8q via
hnpfnq
`
OMi0...in´1
˘
:“
ÿ
iPI
χifn
`
OMi XOMi0...in´1
˘ P C8`OMi0...in´1 , E˚ ⊠ E˘,
which satisfy`
hn`1pBnfnq
˘`
OMi0...in
˘ “ÿ
iPI
χi ¨ Bnf
`
OMi XOMi0...in
˘
“
ÿ
iPI
χifn
`
OMi0...in
˘`ÿ
iPI
nÿ
k“0
p´1qk`1 ¨ χifn
`
OMi XOMi0...ˆik...in
˘ˇˇ
OM
i0...in
“ fn
`
OMi0...in
˘´ `Bn´1hnpfnq˘`OMi0...in˘.
Hence, fn P ker Bn implies fn “ Bn´1hnpfnq, that is, fn P ran Bn´1.
Lemma 4.3. For all i P I , there is a bisolution hi P C8pOi ˆM,E˚ ⊠ Eq such that`pSOi ` hi˘ˇˇOM
ij
“ `pSOj ` hj˘ˇˇOM
ij
, i, j P I.
Proof. For i, j P I , we consider the bisolution hij :“ pSOi ˇˇOM
ij
´ pSOj ˇˇ
OM
ij
. For all m P N, Proposition 3.9 provides
parametrices ĂLm˘ on the relative compact domainsNm such that for ĂL m :“ i2` ĂLm` ´ ĂL m´ ˘, Propositions 3.16 and
4.1 yield
hij
ˇˇ
OijˆNm
“ pSOi ´ ĂL mlooooomooooon
PC8
´` pSOj ´ ĂLmlooooomooooon
PC8
˘ P C8`Oij ˆNm, E˚ ⊠ E˘. (4.3)
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Such ĂLm exist for all m and tNmumPN exhausts N , so we have smoothness on Oij ˆ N . Furthermore, as Oij is
causal and N a neighborhood of a Cauchy hypersurface, hij fulfills a Cauchy problem with smooth Cauchy data and
hence is smooth on all of OMij by Theorem 2.2.
Therefore, recalling the identification of sections of C8 with smooth sections in E˚ ⊠ E, the map f1 : O
M
ij ÞÑ hij
represents a Cˇech-1-cochain, which moreover is a cocycle, since
pB1f1qpOMijkq “ hjk
ˇˇ
OM
ijk
´ hik
ˇˇ
OM
ijk
` hij
ˇˇ
OM
ijk
“ pSOj ˇˇ
OM
ijk
´ pSOk ˇˇ
OM
ijk
´ pSOi ˇˇ
OM
ijk
` pSOk ˇˇ
OM
ijk
` pSOi ˇˇ
OM
ijk
´ pSOj ˇˇ
OM
ijk
“ 0
for all i, j, k P I . Thus, Lemma 4.2 ensures the existence of f0 : OMi ÞÑ rhi P C8pOMi , E˚⊠Eq such that B0f0 “ f1,
and hence,
hij “ f1pOMij q “ B0f0pOMij q “ f0pOMj q
ˇˇ
OM
ij
´ f0pOMi q
ˇˇ
OM
ij
“ rhj ˇˇOM
ij
´ rhi ˇˇOM
ij
, i, j P I.
Recall that Oi X Σ is a Cauchy hypersurface of Oi for all i P I and thus, each rhi determines a bisolution hi P
C8
`
OMi , E
˚
⊠ E
˘
via Theorem 2.2. On the other hand, due to causality of Oij , we have a well-posed Cauchy
problem on OMij , and consequently, hj
ˇˇ
OM
ij
´ hi
ˇˇ
OM
ij
“ hij , since their Cauchy data coincide. This proves the claim:`pSOi ` hi˘ˇˇOM
ij
“ `pSOi ` hj ´ hij˘ˇˇOM
ij
“ `pSOj ` hj˘ˇˇOM
ij
.
For a partition of unity tχiuiPI subordinate to OM , a well-defined bisolution on N ˆM is given viapSN rψ, ϕs :“ÿ
iPI
`pSOi ` hi˘rχiψ, ϕs, ψ P DpN,Eq, ϕ P DpM,E˚q. (4.4)
Since OM a locally finite cover, for each ψ, only finitely many summands are non-zero. Moreover, due to Lemma
(4.3), this definition does not depend on the choice of the partition, and for all i, we directly read off from (4.4) thatpSN ˇˇ
OiˆM
´ pSOi P C8pOi ˆM,E˚ ⊠ Eq. (4.5)
Hence, two different constructions of such a bisolution on N ˆM differ only by a smooth bisolution.
Proposition 4.4. There is a bisolution S : DpM,Eq ˆDpM,E˚q Ñ R such that
S
ˇˇ
OiˆOi
´ SOi P C8`Oi ˆOi, E˚ ⊠ E˘, i P I. (4.6)
Proof. Let pSN be the bisolution on N ˆM defined by (4.4) and recall that N is an open neighborhood of Σ. For all
ϕ P DpM,E˚q, we define Sp¨qrϕs as the unique solution of$’’&’’%
P t
`
Sp¨qrϕs˘ “ 0,
Sp¨qrϕsˇˇ
Σ
“ pSN p¨qrϕsˇˇ
Σ
,
∇ν
`
Sp¨qrϕs˘ˇˇ
Σ
“ ∇ν pSNp¨qrϕsˇˇΣ.
This yields a smooth section, which leads to a bisolution since pSNp¨qrP tϕs “ 0, and hence, Sp¨qrP tϕs solves the
trivial Cauchy problem. Furthermore, we have S
ˇˇ
OiˆOi
“ pSN ˇˇ
OiˆOi
, so (4.6) follows from (4.5) and Proposition
4.1.
Corollary 4.5. There is a smooth bisolution u P C8pM ˆM,E˚ ⊠ Eq such that
pS ´ uqrψ1,Θψ2s “ pS ´ uqrψ2,Θψ1s, ψ1, ψ2 P DpM,Eq.
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Proof. For pιSqrψ1,Θψ2s :“ Srψ2,Θψ1s, let u :“ 12 pS ´ ιSq. It follows that S ´ u “ ιpS ´ uq and we show that
u is smooth. For all m P N, let ĂL m be given as in (4.3), i.e. ĂLm “ ι ĂLm due to symmetry and rSN ˇˇ
NmˆNm
´ ĂL m
smooth by Proposition 3.15. Therefore, u is smooth on Nm ˆNm for allm:
2u
ˇˇ
NmˆNm
“ pSNm ´ ιpSNm ` ĂLm ´ ĂLm “ pSNm ´ ĂLm ´ ι`pSNm ´ ĂL m˘
and thus on N ˆ N . Since u is a bisolution and N a neighborhood of Σ, Theorem 2.2 ensures smoothness on all of
M ˆM .
Theorem 4.6. Let M be a globally hyperbolic Lorentzian manifold, pi : E Ñ M a real vector bundle with non-
degenerate inner product over M and P : C8pM,Eq Ñ C8pM,Eq a formally self-adjoint wave operator. Fur-
thermore, let G˘ denote the advanced and retarded Green operator for P t and S the symmetric bisolution given by
Proposition 4.4 and Corollary 4.5. Then
H :“ S ` i
2
pG` ´G´q (4.7)
is a Hadamard bisolution, and a Feynman and an anti-Feynman Green operator for P t is determined by
GF “ iS ` 1
2
pG` `G´q, GaF “ ´iS ` 1
2
pG` `G´q. (4.8)
Proof. For each m P N, let ĂL m be given as in (4.3). It follows that WF` ĂL m˘ “ WFp rGaF ´ rGF q in the sense of
(1.9) from Proposition 3.15, and moreover, we have
S
ˇˇ
NmˆNm
´ ĂLm P C8pNm ˆNm, E˚ ⊠ Eq
by Propositions 3.16 and 4.1 as well as (4.5). This holds for allm and hence,H is of Hadamard form in a causal nor-
mal neighborhoodN of Σ due to Proposition 3.12. Therefore,H is globally Hadamard by Theorem 5.8 of [SV2001]
or, to be more precise, by (i) of the subsequent Remark.
For (4.8) note that the proof in the scalar case, given by Theorem 5.1 of [Rad1996] and section 6.6 of [DH1972],
exclusively employs the singularity structure of the parametrices. In our case, this is still determined by scalar distri-
butions LΩ˘, R
Ω
˘ and thus stays unaffected when multiplying with smooth Hadamard coefficients. Hence, a Feynman
and an anti-Feynman parametrix for P t are given by
˘iH `G˘ “ ˘iS ` 1
2
pG` `G´q,
which are even Green operators since G˘ are and S is a bisolution.
4.2 Positivity
It remains to show that S can be chosen as a positive bisolution meaning that there is some smooth, symmetric
bisolution u such that pS ` uqrϕ,Θϕs ě 0 for all ϕ P DpM,Eq. For this, we need a bundle-valued version of
Theorem 6.6.2 of [DH1972], so we restrict to a certain class of operators, for which this result holds.
LetM be a smooth manifold, pi : E ÑM a real or complex vector bundle overM with non-degenerate inner product
and P : C8pM,Eq Ñ C8pM,Eq a properly supported pseudodifferential operator. For the definitions of P being
of real principal type in M , pseudo-convexity ofM with respect to P and the bicharacteristic relation CP of P , we
adopt Definition 3.1 of [Den1982] as well as Definition 6.3.2 and (6.5.2) of [DH1972], respectively. Assuming those
properties forM and P , according to Theorem 6.5.3 of [DH1972], there are distinguished parametrices rQCP z∆, rQH
associated to the respective components of CP z∆, where∆ denotes the diagonal in CharP ˆCharP . For P a wave
operator, they correspond to Feynman and anti-Feynman parametrices, respectively.
Definition 4.7. LetM be a smooth manifold, pi : E ÑM a real or complex vector bundle with non-degenerate inner
product and P : C8pM,Eq Ñ C8pM,Eq a formally self-adjoint, properly supported pseudodifferential operator of
real principal type inM such thatM is pseudo-convex with respect to P . Then P is called of positive propagator type
if there exists some f P C8pM ˆM,E˚ ⊠ Eq such that the bidistribution T :“ i
2
` rQCP z∆ ´ rQH˘` f satisfies
T rψ,Θψs ě 0, ψ P DpM,Eq.
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Note that f is not demanded to be unique and in general, a positive propagator type operator will have many such
sections. Theorem 6.6.2 of [DH1972] states that every such P is of positive propagator type for E the trivial line
bundleM ˆR. Note that the proof of this theorem employs positivity of i
2
p rGaF ´ rGF q for the directional derivatives
Dn :“ ´i BBxn , n “ 0, . . . , d ´ 1, on C8pRdq, and by applying certain operators, allowing one to keep track of the
singularity structure of the corresponding parametrices, the general case is reduced toDn. Eventually, positivity holds
up to smooth functions since there is no way to control this smooth part in terms of the singularity structure. However,
in the setting of Definition 1.1 with E assumed to be Riemannian, we can choose the same ansatz and basically the
same procedure. This strongly suggests the assumption that wave operators acting on smooth sections in some general
Riemannian vector bundle over a globally hyperbolic Lorentzianmanifold are of positive propagator type. On the other
hand, by Proposition 5.6 of [SV2001], the Hadamard bisolutions fail to be positive if the inner product on E is not
positive definite. Hence, anticipating the result of this section, wave operators acting on sections in a non-Riemannian
vector bundle over a globally hyperbolic Lorentzian manifold are not of positive propagator type.
AssumingP to be of positive propagator type, we need to show that f can be actually chosen as a symmetric bisolution.
It turns out that the existence of a pairGF , GaF , a well-posed Cauchy problem and
Char pP q “  pp, ξq P T ˚Mzt0u ˇˇ gppξ7, ξ7q “ 0u,
CP “
 pp, ξ; q, ηq P `T ˚M ˆ T ˚M˘zt0u ˇˇ pp, ξq „ pq, ζq(. (4.9)
is sufficient. For Σ some Cauchy hypersurface ofM , the idea is to use f as initial data on ΣˆΣ in order to determine
a smooth bisolution u via Theorem 2.2 and then following the lines of section 3.3 of [GW2015].
Let ι : Σ ãÑM be the embedding map and ρ :“ `ι˚, ι˚ ˝∇ν˘ the corresponding pullback to the initial data on Σ, i.e.
ρ : C8pM,Eq Ñ C8pΣ, E ‘ Eq, u ÞÝÑ `uˇˇ
Σ
,∇νu
ˇˇ
Σ
˘
. (4.10)
Clearly, ρ is surjective and we have ρ
`
C8scpM,Eq
˘ “ DpM,E ‘ Eq. Furthermore, for any differential operator P
with well-posed Cauchy problem, ρ yields a bijection kerP Ñ C8pΣ, E‘Eq. The transposed map ρt is related to the
pushforward along the embedding, which creates singular directions orthogonal to the embedded (spacelike) hyper-
surface. More precisely, according to Proposition 10.21 of [DK2010], ι˚ϕ corresponds to ϕδΣ for any ϕ P C8pΣ, Eq,
and hence, ρt is a map
ρt : C8pΣ, E˚ ‘ E˚q ÝÑ DN˚ΣpM,E˚q1.
D 1Γ denotes the distributions with wave front set contained in the closed cone Γ Ă T ˚Mzt0u, and we refer to section
8.2 of [Hör1990] for precise definitions and properties of these spaces. Due to Hörmander’s criterion
`
(8.2.3) of
[Hör1990]
˘
, we can pull back a distribution along ι if its wave front set does not contain the orthogonal directions
mentioned above. Hence, for all closed cones Γ Ă T ˚Mzt0u with ΓXN˚Σ “ H, (4.10) extends to a map
ρ : DΓpM,E˚q1 ÝÑ Dι˚ΓpΣ, E˚ ‘ E˚q1, u ÞÝÑ pχ ÞÑ urρtχsq,
where ι˚Γ :“  `σ, dι|tσpξq˘ ˇˇ `ιpσq, ξ˘ P Γ( Ă T ˚Σzt0u contains the projections of ξ P Γ onto T ˚Σ. Let
pχ, ζqΣ :“
ż
Σ
` xχ0, ζ0y ` xχ1, ζ1y ˘ dVΣ, χ, ζ P DpΣ, E ‘ Eq, (4.11)
denote the inner product on DpΣ, E ‘ Eq with dVΣ the induced volume density and rΘ :“ pΘ,Θq the corresponding
isomorphism E ‘ E Ñ E˚ ‘ E˚. For P Green-hyperbolic, the exact sequence (1.1) provides ranG “ kerP ˇˇ
C8sc
and thus a further bijection ρG : DpM,Eq{ kerGÑ DpΣ, E ‘Eq, which transfersG to a Green operatorGΣ on the
space of initial data DpΣ, E ‘ Eq via
pρGψ1, GΣρGψ2qΣ :“ pψ1, Gψ2qM , ψ1, ψ2 P DpM,Eq. (4.12)
It is not hard to deduce the Cauchy evolution operatorUΣ :“ ´Gρ˚GΣ mapping initial data pu0, u1q P C8pΣ, E‘Eq
to the solution u P C8pM,Eq of the corresponding homogeneousCauchy problem. Moreover, [Dim1980] and, for the
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vector-valued case, [BS2019] provide the expression u “ G˚`ρ˚1u0 ´ ρ˚0u1˘, from which uniqueness and surjectivity
of ρG : DpM,Eq Ñ DpΣ, E ‘ Eq lead to the particular expressionGΣpu0, u1q “ p´u1, u0q.
Theorem 4.8. Let M be a globally hyperbolic Lorentzian manifold, pi : E Ñ M a Riemannian vector bundle and
P : C8pM,Eq Ñ C8pM,Eq a linear first- or second-order differential operator, which is of positive propagator
type and admits a well-posed Cauchy problem. Assume that the characteristic set and the bicharacteristic relation of
P are given by (4.9) and that rQCP z∆, rQH can be chosen as actual Green operatorsQCP z∆, QH.
Then there is a real-valued and symmetric bisolution S such that S ´ i
2
`
QCP z∆ ´QH
˘
is smooth and
Srψ,Θψs ě 0, ψ P DpM,Eq.
Proof. The desired real-valued bisolution is given by
Srψ, ϕs :“ i
4
`
QCP z∆ ´QH
˘rψ, ϕs ` i
4
`
QCP z∆ ´QH
˘rψ, ϕs, ψ, P DpM,Eq, ϕ P DpM,E˚q, (4.13)
and we show the claimed properties. With regard to Corollary 4.5 and without loss of generality, we assume S to be
symmetric, and furthermore, there is some f P C8pM ˆM,E˚⊠Eq such that pS` fqrψ,Θψs ě 0, ψ P DpM,Eq,
by assumption on P . Because this is also true for rf rψ1,Θψ2s :“ 12`f rψ1,Θψ2s`f rψ2,Θψ1s˘, we assume symmetry
of f as well, that is, f rψ1,Θψ2s “ f rψ2,Θψ1s for all ψ1, ψ2 P DpM,Eq.
Recall that Green operators map DpM,E˚q to C8pM,E˚q, so for fixed ϕ P C8pM,E˚q, (4.13) provides a smooth
section p ÞÑ Sppqrϕs in E˚. It follows that for each p P M , we obtain a well-defined E˚p -valued distribution Sppq,
which solves PSppq “ 0, and hence, WF`Sppq˘ exclusively contains lightlike directions by assumption on P . By
WF
`
Sppq˘XN˚Σ “ H, the restriction of Sppq to Σ yields a well-defined distribution ρ`Sppq˘ on DpΣ, E˚ ‘ E˚q
for any Cauchy hypersurface Σ. This means that, due to Theorem 8.2.13 of [Hör1990], the operator S associated to
(4.13) can be applied to ρtχ P DN˚ΣpM,E˚q1, χ P DpΣ, E˚ ‘ E˚q, and for the result, we obtain
WF
`
Sρtχ
˘ Ă  pp, ξq ˇˇ pp, ξ; q, 0q PWFpSq(Y  pp, ξq ˇˇ Dpq, ζq PWFpρtχq : pp, ξ; q,´ζq PWFpSq(.
Since WFpSq Ă CP “
 pp, ξq „ pq, ζq( and WFpρtχq Ă N˚Σ, both contributions on the right hand side are empty.
Hence, Sρt represents a map DpΣ, E˚ ‘ E˚q Ñ C8pM,E˚q, so it follows that p ÞÑ ρ`Sppq˘rχs “ `Sρtχ˘ppq is
smooth for fixed χ. With the adjoint operator ρ˚ “ Θ´1ρt rΘ, we eventually obtain a well-defined bidistribution
SΣ : DpΣ, E ‘ Eq ˆDpΣ, E˚ ‘ E˚q Ñ R via
SΣrλ, χs :“ S“ρ˚λ, ρtχ‰ “ ż
Σ
rΘρΘ´1´Sp¨q“ρtχ‰¯pσq `λpσq˘ dVΣpσq. (4.14)
The bisection f determines smooth and symmetric Cauchy data on ΣˆΣ and thus a smooth and symmetric bisolution
u by Theorem 2.2 (the first order analogon works completely similarly). Using the short-hand notation Sf :“ S ` f
and Su :“ S ` u, this yields SΣu “ SΣf for the corresponding bidistributions (4.14), and we show that positivity is
preserved under the restriction toΣ, i.e.SΣf rλ, rΘλs ě 0 for all λ P DpΣ, E‘Eq. Theorem 8.2.3 of [Hör1990] provides
a sequence pψnqnPN Ă DpM,Eq such that ψn Ñ ρ˚λ in DN˚ΣpM,Eq1, and consequently,Θψn Ñ Θρ˚λ “ ρtrΘλ,
so continuity of Sf ensures
SΣf rλ, rΘλs “ Sf “ρ˚λ, ρt rΘλ‰ “ lim
nÑ8
Sf
“
ψn,Θψn
‰loooooomoooooon
ě0
ě 0. (4.15)
The proof of Theorem 3.3.1 and Proposition 3.4.2 of [BGP2007] show that well-posedness of the Cauchy problem
implies the existence of a unique advanced and retarded Green operator and hence exactness of the sequence (1.1).
Thus, due to kerP “ ranG, Su does not only descend to a well-defined bilinear form on DpM,Eq{ kerP by being
a bisolution, but also to ranG via
S1urGψ1,ΘGψ2s :“ Surψ1,Θψ2s, ψ1, ψ2 P DpM,Eq.
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By following the lines of Proposition 3.9 of [GW2015] and employingG “ ´Gρ˚GΣρG, this allows us to trace back
the claimed positivity property to (4.15). More precisely, for all ψ1, ψ2 P DpM,Eq, we have
Surψ1,Θψ2s “ S1urGψ1,ΘGψ2s “ S1urGρ˚GΣρGψ1,ΘGρ˚GΣρGψ2s
“ Surρ˚GΣρGψ1,Θρ˚GΣρGψ2s “ SΣu rGΣρGψ1, rΘGΣρGψ2s “ SΣf rGΣρGψ1, rΘGΣρGψ2s,
which proves the theorem.
In the case of formally self-adjoint wave operators, the existence of GF and GaF is ensured by Theorem 4.6, so
Theorem 4.8 leads to the final result:
Theorem 4.9. Let M be a globally hyperbolic Lorentzian manifold, pi : E Ñ M a Riemannian vector bundle and
P : C8pM,Eq Ñ C8pM,Eq a formally self-adjoint wave operator of positive propagator type. Then there exists a
bidistribution S : DpM,Eq ˆDpM,E˚q Ñ R such that
H :“ S ` i
2
pG` ´G´q
yields a Hadamard two-point-function, where G˘ denotes the advanced and retarded Green operator for P t. This
means that WFpHq has the Hadamard singularity structure (1.6) and satisfies
HrPψ, ϕs “ 0 “ Hrψ, P tϕs, Hrψ, ϕs ´HrΘ´1ϕ,Θψs “ i
2
pG` ´G´qrψ, ϕs, Hrψ,Θψs ě 0
for all ψ P DpM,Eq, ϕ P DpM,E˚q.
Moreover, a Feynman and an anti-Feynman Green operatorGF , GaF are given by (4.8).
Note that, in general, S is far from being unique, i.e. there may be many bidistributions with the required properties.
Clearly, this is related to the non-uniqueness of the many choices of smooth sections during the construction, and in
most cases, it is not at all obvious, how to find these sections practically. This particularly concerns the choice of the
hi’s in Lemma 4.3 and the f for operators of positive propagator type.
However, the overall reasoning provides a comparatively constructive alternative to the existence proofs, which are
already present in the literature ([BF2014], [FNW1981], [GOW2017]). It starts most naturally with the Hadamard
condition, so the form of the bidistributions is, up to smooth terms, determined right from the start. It therefore
might provide a promising starting point for a possible classification of these states up to unitary equivalence of their
respective GNS-representations. This and the identification of pure states in particular would require to investigate the
choices of the said smooth sections.
Furthermore, the methods used here provide an alternative procedure to the classic deformation arguments since they
rely on the ability to make modifications to the metric confined to certain spacetime regions. There are situations,
where this is not applicable, for instance, in the case of linearized gravity, where the background spacetime must solve
the Einstein equation, or similarly for linearizations of Yang-Mills theories. They also occur if one is restricted to
analytic metrics.
Appendix
A Symmetry of the Hadamard coefficients
In this section, we prove the symmetry of the Hadamard coefficients Uk in a setting pM,E, P q as in Definition
1.1 with P a wave operator. This represents an alternative path to the more general case treated in [Kam2019],
which is more geared to the specific situation of wave operators, and generalizes the well-known approach of Moretti
[Mor1999, Mor2000] it to sections in E.
LetΩ ĂM be a non-empty and convex domain, that is time-orientable, and let∇ denote the P -compatible connection
on E, meaning that
∇grad fs “ 1
2
`
f ¨ Ps´ P pf ¨ sq `2f ¨ s˘, s P C8pM,Eq, f P C8pMq. (A.1)
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It follows that P “ 2∇ ` B for some uniquely determined endomorphism field B and
2
∇ “ ptrb idEq ˝∇T˚MbE ˝∇ the connection-d’Alembert operator (see section 1.5 of [BGP2007]). Then
the Hadamard coefficients Uk P C8pΩˆ Ω, E˚ ⊠ Eq, k P N0, for P are defined as the unique solutions of the
transport equations
∇grad ΓpU
k
p ´
ˆ
1
2
2Γp ´ d` 2k
˙
Ukp “ 2k ¨ PUk´1p , k P N, (A.2)
with U0pp, pq “ idE˚p and Ukp :“ Ukpp, ¨q for all p P Ω (Proposition 2.3.1 of [BGP2007]). Recall the identification
(2.1) of Ukpp, qq as homomorphismsE˚q Ñ E˚p with fiberwise transposed operator Ukpp, qqt P HompEp, Eqq. We are
going to show symmetry in the sense
Ukpp, qq “ ΘpUkpq, pqtΘ´1q , p, q P Ω, k P N0. (A.3)
One can see the Hadamard coefficients as a measure of the deviation of pM, g,E, P q from pRdMink,2q, and indeed,
"adding"
`
R, ds2, t0u, B2Bs2
˘
does not change them: Let pxM, pgq :“ pM ˆ R, g ` ds2˘, over which we consider the
same vector bundle E, and pP :“ P ´ B2Bs2 . For the corresponding Hadamard coefficients pUk, we obtain the initial
condition pU0`pp, sq, pp, sq˘ “ idE˚p and the transport equations
0 “ p∇
gradpg pΓpp,sq pUkpp,sq ´
ˆ
1
2
2pgpΓpp,sq ´ pd` 1q ` 2k˙ pUkpp,sq ´ 2k pP pUk´1pp,sq
“ ∇gradg Γp pUkpp,sq ` 2ps1 ´ sqp∇ BBs pUkpp,sq ´
ˆ
1
2
`
2gΓp ` 2
˘´ pd` 1q ` 2k˙ pUkpp,sq ´ 2kP pUk´1pp,sq ` 2k B2Bs2 pUk´1pp,sq
“ ∇gradg Γp pUkpp,sq ´ ˆ122gΓp ´ d` 2k
˙ pUkpp,sq ´ 2kP pUk´1pp,sq ` 2ps1 ´ sqp∇ BBs pUkpp,sq ` 2k B2Bs2 pUk´1pp,sq,
which are clearly solved by Ukp leading topUk`pp, sq, pq, s1q˘ “ Ukpp, qq, p, q P Ω, s, s1 P R, k P N0. (A.4)
We adopt Moretti’s approach insofar as we start by considering wave operators with analytical coefficients, so in
particular the metric as the principal symbol is assumed to be analytic, and deduce analyticity of pp, qq ÞÑ Ukpp, qq.
We directly conclude that, as a function of g, the Levi-Civita connection on TM and, due to (A.1), the P -compatible
connection ∇ on E are analytic as well, so the corresponding Christoffel symbols are. Applying basic ODE-theory
and the analytic inverse function theorem (Theorem 1.4.3 of [KP1992]) ensure analyticity of the Lorentzian distance
pp, qq ÞÑ Γpp, qq “ gp
`
exp´1p pqq
˘
, the distortion function pp, qq ÞÑ µpp, qq and the geodesic considered as a map
φ : r0, 1s ˆ Ωˆ Ω ÝÑ Ω, pt, p, qq ÞÝÑ expp
`
t exp´1p pqq
˘ “: φpqptq. (A.5)
Lemma A.1. The ∇-parallel transport along φpq is analytic as a map
r0, 1s ˆ Ωˆ Ω ÝÑ E˚ ⊠ E, pt, p, qq ÞÝÑ Πp
φpqptq
. (A.6)
Proof. For fixed p P Ω and e P Ep, consider the parallel section sppt, qq :“ Πpφpqptqe in E along φpq for all q P Ω,
which therefore satisfies the ODE’s
9sβp pt, qq “ ´Γβiα
`
φpqptq
˘
9φipqptqlooooooooooomooooooooooon
“:Appt,qq
β
α
sαp pt, qq, spp0, qq “ e. (A.7)
The columns of the corresponding fundamental matrix Φppt, qq are given by rkpEq linearly independent solutions of
(A.7), so we have 9Φppt, qq “ Appt, qqΦppt, qq and the solution of (A.7) takes the form
sppt, qq “ Φppt, qqΦpp0, qq´1spp0, qq.
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From the definition of sp, we read offΠ
p
φpqptq
“ Φppt, qqΦpp0, qq´1, and hence, the map pt, qq ÞÝÑ Πpφpqptq is analytic.
Moreover,Πrp “
`
Πpr
˘´1
implies
Φpp1, rqΦpp0, rq´1 “
`
Φrp1, pqΦrp0, pq´1
˘´1 “ Φrp0, pqΦrp1, pq´1,
so p ÞÑ Πpr is analytic for fixed r P Ω and Osgood’s Lemma [Osg1898] proves the claim.
Proposition A.2. The map pp, qq ÞÑ Ukpp, qq is analytic on Ωˆ Ω for all k P N0.
Proof. Analyticity of the zeroth Hadamard coefficient can be directly read off from
pp, qq ÞÝÑ U0pp, qq “
Πpqa
µpp, qq ,
and we proceed via induction. By analyticity of P , clearly pp, qq ÞÑ Pp2qUk´1
`
p,Φpqptq
˘
is analytic if the prior
coefficient pp, qq ÞÑ Uk´1pp, qq is. Similarly, pt, p, qq ÞÑ U0
`
p, φpqptq
˘´1 “ bµ`p, φpqptq˘ ¨ Πφpqptqp is analytic as a
composition of analytic maps (recall that µ is positive). Therefore, the integrand of
Ukpp, qq “ ´kU0pp, qq
ż 1
0
tk´1 ¨ U0
`
p, φpqptq
˘´1
Pp2qUk´1
`
p, φpqptq
˘
dt
is analytic in pp, qq and uniformly continuous in t on r0, 1s. Hence, taking the power series expression of the integrand,
the sum and the integral can be swapped, which results in a uniformly converging power series for Uk.
Now the general case of smooth P is tackled by analytic approximation of the coefficients, for which we quote
Proposition A.3 (Proposition 2.1 of [Mor1999]). LetM be a real, smooth and connected manifold with non-singular
metric g.
(a) For any local chart px, V q of M and any relatively compact domain O with O Ă V , there is a sequence
tgnunPN of real and analytic (with respect to x) metrics with the same signature as g, which are defined on
some neighborhood of O such that gn Ñ g in C8, that is, all derivatives of gn converge uniformly on O:
@i, j “ 1, . . . , D, α P ND0 : max
vPxpOq
ˇˇˇ`
Dαpgn ˝ x´1qij
˘pvq ´ `Dαpg ˝ x´1qij˘pvqˇˇˇ ÝÑ 0.
(b) For any px, V q, O, tgnunPN as in (a) and additionally any z P O, there is an n0 P N and a family tN izuiPR
of open neighborhoods of z such that N iz Ă N
j
z Ă O for any j ą i, and tN izuiPR is a local base of the
topology of M . Moreover, for all i P R, both N iz and N
i
z are common convex neighborhoods of z for all
metrics tgnunąn0 and g.
Proposition A.4. Let O Ă Ω be relatively compact and tgnunPN a sequence of real and analytic metrics defined in a
neighborhood of O with the same signature as g such that O and O are convex with respect to all gn, n P N, and g
and gn Ñ g in C8. For tUnk unPN the corresponding Hadamard coefficients, we obtain Unk pp, qq Ñ Ukpp, qq for all
k P N0 and p, q P O.
Proof. The assumption directly provides Γk,nij Ñ Γkij , and with regard to the geodesic equation with converging right
hand side, we similarly obtain expn Ñ exp as smooth maps pt, ξ, pq ÞÑ exppptξq on their domain of existence. Then
the inverse function theorem provides
`
expn
˘´1 Ñ exp´1 as smooth maps on O ˆ O and, as a consequence, of the
Lorentzian distance Γn Ñ Γ and the distortion function µn Ñ µ. Eventually, we have φn Ñ φ for the connecting
geodesic (A.5).
It remains to investigate the parallel transport. For all p P O, convergence of Γk,nij and φn leads to Anp Ñ Ap for the
matrices defined in (A.7), and hence,
Π
p,n
φnpqptq
“ Φnp pt, qqΦnp p0, qq´1 ÝÑ Φppt, qqΦpp0, qq´1 “ Πpφpqptq
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as smooth maps r0, 1sˆOÑ E˚p bE. Thus, we can directly conclude convergence of the zeroth Hadamard coefficient
Un0 pp, ¨q “
Π
p,n
¨a
µnp
ÝÑ Π
p
¨?
µp
“ U0pp, ¨q (A.8)
as smooth maps O Ñ E˚p b E and, in particular, Un0 pp, qq Ñ U0pp, qq in HompE˚q , E˚p q.
We proceed inductively. Due to φnpq Ñ φpq in C8
`r0, 1s, O˘, (A.8) implies Un0 pp, ¨q ˝ φnpq Ñ U0pp, ¨q ˝ φpq in
C8
`r0, 1s, E˚p bE˘ and consequently, PUn0 pp, ¨q ˝φnpq Ñ PU0pp, ¨q ˝φpq . Therefore, the integrand in the expression
of the first Hadamard coefficient
Un1 pp, qq “ ´kUn0 pp, qq
ż 1
0
Un0
`
p, φnpqptq
˘´1
Pp2qU
n
0
`
p, φnpqptq
˘
dt
converges to the one in the expression of U1pp, qq, and as a smooth function in t, it is integrable on the compact interval
r0, 1s. Hence, due to majorized convergence, the integral converges as well, so we have
´Un0 pp, qq
ż 1
0
Un0
`
p, φnpqptq
˘´1
Pp2qU
n
0
`
p, φnpqptq
˘
dt ÝÑ ´U0pp, qq
ż 1
0
U0
`
p, φpqptq
˘´1
Pp2qU0
`
p, φpqptq
˘
dt,
which is U1pp, qq. Recursively, this implies Unk pp, qq Ñ Ukpp, qq for all k P N and p, q P O.
It remains to show symmetry (A.3) in the analytic case, for which we leave Moretti’s path and present a novel approach
using the construction in [BGP2007] instead.
Let Vk P C8pΩˆ Ω, E ⊠ E˚q, k P N0, denote the Hadamard coefficients associated to pM, g,E˚, P tq. Employing
formal self-adjointness of P in the transport equations provides the relation
Vkpp, qq “ Θ´1p Ukpp, qqΘq, p, q P Ω. (A.9)
According to section 1.4 of [BGP2007], we define
RΩ˘pα, pqrϕs :“ Rα˘
“pµpϕq ˝ expp ‰, ϕ P DpΩq, (A.10)
which ensures the identification RΩ˘pα, pq
ˇˇ
JΩ˘ppq
“ Cpα, dq ¨ Γ
α´d
2
p for Re pαq ą d. Due to Proposition 2.4.6 of
[BGP2007], they comprise Hadamard series, which yield advanced and retarded parametrices rR˘ppq for P at each
p P O on any relatively compact domain O Ă Ω. More precisely, for any integer N ą d
2
and cut-off function
σ P D`p´1, 1q, r0, 1s˘with σˇˇr´ 12 , 12 s “ 1, there is a sequence tεkukěN Ă p0, 1s such that
rR˘ppq “ 8ÿ
k“0
rUkpp, ¨q RΩ˘p2k ` 2, pq, rUk :“
$&% Uk, k ă N,´σ ˝ Γ
εk
¯
¨ Uk, k ě N,
(A.11)
represent well-defined distributions and pp, qq ÞÑ `P rR˘ppq ´ δp˘pqq P C8pΩˆ Ω, E˚ ⊠ Eq. Furthermore, we have
p ÞÑ rR˘ppqrϕs P C8pO,E˚q for fixed ϕ P DpO,E˚q, so regarded as bidistributions and due to compactness of O,
they provide continuous operatorsrG˘ : DpO,E˚q Ñ C8pO,E˚q, ϕ ÞÝÑ `p ÞÑ rR¯ppqrϕs˘. (A.12)
Consequently, rG˘ yield left parametrices forP t with supp rG˘ϕ Ă JO˘ psuppϕq, and forG˘ the advanced and retarded
Green operator for P t, the differencesG˘ ´ rG˘ are smoothing (their integral kernels correspond to the last equation
in the proof of Proposition 2.5.1 of [BGP2007], which is actually a smooth section). Therefore, rG˘ represent an
advanced and a retarded parametrix for P t in the sense of Duistermaat-Hörmander.
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Proposition A.5. For all convex and relatively compact domainsO Ă Ω, the maps
pp, qq ÞÝÑ
8ÿ
k“0
´`rUkpp, ¨q ´ rVkp¨, pqt˘RΩ˘p2k ` 2, pq¯ pqq (A.13)
define smooth sections in E˚ ⊠ E over O ˆO.
Proof. By Lemma 3.4.4 of [BGP2007], the advanced and retarded Green operators for P are given by Gt¯, so formal
self-adjointness of P and uniqueness of G˘ lead to G˘ “ ΘGt¯Θ´1 such that the operators rG˘ ´ Θ rGt¯Θ´1 are
smoothing: rG˘ ´Θ rGt¯Θ´1 “ rG˘ ´G˘loooomoooon
smoothing
´ Θ` rG¯ ´G¯loooomoooon
smoothing
˘t
Θ´1.
Recalling rGt˘rϕ, ψs “ rG˘rψ, ϕs, we just have to show that the Schwartz kernel of rGt˘ is given by the distribution
8ÿ
k“0
Θ´1p
rVkp¨, pqtΘ RΩ˘p2j ` 2, pq, p P O,
which can be directly deduced from Lemma 1.4.3 of [BGP2007] and (A.9).
Lemma A.6. Let k P N0 and assume that for all quadruples pM, g,E, P q as introduced in the beginning of the
chapter with odd spacetime dimension and all lightlike related p, q P O, we have
Ukpp, qq “ Vkpq, pqt.
Then this equality holds for all p, q P Ω and all pM, g,E, P q.
Proof. Consider the setting pM, g,E, P q with odd spacetime dimension d, let p, q be causally related and choose
a, a1 P R2 such that }a´ a1}2 “ Γpp, qq. It follows that pp, aq, pq, a1q are lightlike related in `M ˆR2, g` gEucl˘ and
thus pUk`pp, aq, pq, a1q˘ “ pVk`pq, a1q, pp, aq˘t
by assumption. Therefore, Proposition A.4 provides Ukpp, qq “ Vkpq, pqt.
Let tgnunPN be an analytic approximation of g and Unk , V nk the corresponding Hadamard coefficients. Write
Dnk pp, qq :“ Unk pp, qq ´ V nk pq, pqt, which depends analytically on p, q due to Proposition A.2 and vanishes on
Γ´1
`
Rě0
˘
, so the identity theorem for analytic maps implies Dnk “ 0 on all of O ˆ O. Furthermore, by Propos-
ition A.4, we haveDnk pp, qq Ñ Dkpp, qq and thereforeDkpp, qq “ 0 for all p, q, which proves the claim in the case of
odd spacetime dimension.
For even-dimensional settings pM, g,E, P q, this can be deduced from `M ˆ R, g ` ds2, E, P ´ B2Bs2 ˘, which is odd-
dimensional, and Proposition A.4.
Since this works for any relatively compact and convex domain O Ă Ω, by uniqueness of the Hadamard coefficients,
an appropriate exhaustion of Ω by such subsets proves the claim on all of Ωˆ Ω.
Theorem A.7. LetM be a Lorentzian manifold of dimension d, pi : E ÑM a real or complex vector bundle overM
with non-degenerate inner product, P : C8pM,Eq Ñ C8pM,Eq a formally self-adjoint wave operator and Ω ĂM
a convex domain. Then the Hadamard coefficients Uk P C8pΩˆ Ω, E˚ ⊠ Eq are symmetric in the sense
Ukpp, qq “ ΘpUkpq, pqtΘ´1q , p, q P Ω, k P N0. (A.14)
Proof. Let d be odd. For all k, j P N0 with j ď k, Lemma 1.4.2 (1) of [BGP2007] provides the recursion
RΩ˘p2k ` 2, pq “ Kk,j,dΓpp, ¨qk´j ¨ RΩ˘p2j ` 2, pq, (A.15)
withKk,j,d P Rzt0u as defined in (3.21), so the smooth sections (A.13) can be rewritten into
RΩ˘p2, pq
8ÿ
k“0
Kk,0,d
`rUkpp, ¨q ´ rVkp¨, pqt˘Γpp, ¨qk.
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The proof of Lemma 2.4.2 in [BGP2007] shows that the sum defines a smooth section, which has to vanish for lightlike
related p, q since sing suppRΩ˘p2, pq “ CΩ˘ppq. Due to σ
´
Γpp,qq
εk
¯
“ σp0q “ 1, this leads to
0 “
8ÿ
k“0
`rUkpp, qq ´ rVkpq, pqt˘Γpp, qqk “ U0pp, qq ´ V0pq, pqt,
and it follows from Lemma A.6 that for k “ 0, (A.14) is true also for even d and on all of Ωˆ Ω.
Now let d again be odd, and for some k0 P N, assume (A.14) to hold for all k “ 0, . . . , k0 ´ 1, i.e. the smooth section
(A.13) is given by
8ÿ
k“k0
`rUkpp, ¨q ´ rVkp¨, pqt˘RΩ˘p2k ` 2, pq “ RΩ˘p2k0 ` 2, pq 8ÿ
k“k0
Kk,k0,d
`rUkpp, ¨q ´ rVkp¨, pqt˘Γpp, ¨qk´k0 .
Analogously, we obtain 0 “ Uk0pp, qq´Vk0pq, pqt if Γpp, qq “ 0, so again, applying Lemma A.6 completes the proof
by induction.
B Derivation of transport equations
Since Definition A.1 of the P -compatible connection∇ implies a product rule for P pf ¨sq, for odd d, a straight forward
calculation provides
LΩ˘p0, pq “ δp !“ PL˘ppq “
8ÿ
k“0
P
`
UkpL
Ω
˘p2k ` 2, pq
˘` 8ÿ
k“ d´2
2
P
`
W kp L
Ωp2k ` 2, pq˘
“ U0p 2LΩ˘p2, pq ´ 2∇gradLΩ˘p2,pqU
0
p `
8ÿ
k“1
´
PUk´1p L
Ω
˘p2k, pq ´ 2∇gradLΩ˘p2k`2,pqU
k
p ` Ukp 2LΩ˘p2k ` 2, pq
¯
`
8ÿ
k“ d
2
`
PW k´1p L
Ωp2k, pq ´ 2∇gradLΩp2k`2,pqW kp `W kp 2LΩp2k ` 2, pq
˘
“ U0p 2LΩ˘p2, pq ´ 2∇gradLΩ˘p2,pqU
0
p `
8ÿ
k“1
1
2k
ˆ
2k PUk´1p ´∇grad ΓpUkp `
ˆ
1
2
2Γp ´ d` 2k
˙
Ukp
˙
LΩ˘p2k, pq
`
8ÿ
k“ d
2
1
2k
ˆ
2k PW k´1p ´∇grad ΓpW kp `
ˆ
1
2
2Γp ´ d` 2k
˙
W kp
˙
LΩp2k, pq.
For even d, we need to relate the logarithmic and non-logarithmicparts, for which we first prove the following technical
Lemma:
Lemma B.1. Let d be even and k P N with k ě d
2
. Then we have
grad
`
LΩp2k ` 2, pq ¨ logpΓp ˘ i0q
˘
“ gradΓp
4k
¨ LΩp2k, pq logpΓp ˘ i0q ` gradΓp
2kp2k ` 2´ dq ¨ L
Ωp2k, pq,
2
`
LΩp2k ` 2, pq ¨ logpΓp ˘ i0q
˘
“
2Γp
2
´ d` 2k
2k
¨ LΩp2k, pq ¨ logpΓp ˘ i0q `
2Γp
2
´ 2d` 4k ` 2
2k
`
k ´ d´2
2
˘ ¨ LΩp2k, pq,
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and for k “ d´2
2
grad
`
LΩpd, pq ¨ logpΓp ˘ i0q
˘ “ ¯ ipi ¨ gradΓp
2pd´ 2q ¨
rLΩ˘pd´ 2, pq
2
`
LΩpd, pq ¨ logpΓp ˘ i0q
˘ “ ¯ ipi p2Γp ´ 4q
4pd´ 2q ¨
rLΩ˘pd´ 2, pq.
Proof. Proposition 3.3 (3) provides
grad
`
LΩp2k ` 2, pq ¨ logpΓp ˘ i0q
˘
“ logpΓp ˘ i0q ¨ gradLΩp2k ` 2, pq ` LΩp2k ` 2, pq ¨ grad logpΓp ˘ i0q
“ gradΓp
4k
¨ LΩp2k, pq logpΓp ˘ i0q ` Γp ¨ L
Ωp2k, pq
2kp2k ` 2´ dq ¨
gradΓp
Γp
“ gradΓp
4k
¨ LΩp2k, pq logpΓp ˘ i0q ` gradΓp
2kp2k ` 2´ dq ¨ L
Ωp2k, pq,
and hence, xgradΓp, gradΓpy “ ´4Γp implies
2
`
LΩp2k ` 2, pq ¨ logpΓp ˘ i0q
˘
“ ´ div
ˆ
gradΓp
4k
¨ LΩp2k, pq logpΓp ˘ i0q ` gradΓp
2kp2k ` 2´ dq ¨ L
Ωp2k, pq
˙
“ 1
4k
ˆ
2Γp ¨ LΩp2k, pq logpΓp ˘ i0q ´ L
Ωp2k ´ 2, pq logpΓp ˘ i0q
4pk ´ 1q xgradΓp, gradΓpy
´LΩp2k, pq ¨ xgradΓp, gradΓpy
Γp
˙
`
2Γp ¨ LΩp2k, pq ´ L
Ωp2k´2,pq
4pk´1q ¨ xgradΓp, gradΓpy
2kp2k ` 2´ dq
“ 1
4k
`
2Γp ` 2p2k ´ dq
˘
LΩp2k, pq logpΓp ˘ i0q `
ˆ
1
k
` 2Γp ` 2p2k ´ dq
2kp2k ` 2´ dq
˙
LΩp2k, pq
“
2Γp
2
´ d` 2k
2k
¨ LΩp2k, pq logpΓp ˘ i0q `
2Γp
2
´ 2n` 4k ` 2
2k
`
k ´ d´2
2
˘ ¨ LΩp2k, pq.
By Proposition 3.3 (1) LΩpd, pq “ Cpd, dq “ ¯ ipi rCpd´2,dq
2pd´2q is constant on Ω, so again using (3) yields
grad
`
LΩpd, pq ¨ logpΓp ˘ i0q
˘ “ ¯ ipi rCpd´ 2, dq
2pd´ 2q ¨
gradΓp
Γp
“ ¯ ipi ¨ gradΓp
2pd´ 2q ¨
rLΩ˘pd´ 2, pq,
2
`
LΩpd, pq ¨ logpΓp ˘ i0q
˘ “ ˘ ipi
2pd´ 2q div
´
gradΓp ¨ rLΩ˘pd´ 2, pq¯
“ ¯ ipi
2pd´ 2q
ˆ
2Γp ¨ rLΩ˘pd´ 2, pq ´ xgradΓp, gradΓpy2pd´ 4q ¨ rLΩ˘pd´ 4, pq
˙
“ ¯ ipi
2pd´ 2q
ˆ
2Γp ` 4
2pd´ 4q ¨ pd´ 4qpd´ 4´ d` 2q
˙
¨ rLΩ˘pd´ 2, pq
“ ¯ ipi p2Γp ´ 4q
2pd´ 2q ¨
rLΩ˘pd´ 2, pq.
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This leads to the following calculation:
rLΩ˘p0, pq “ δp !“ PL˘ppq
“
d´4
2ÿ
k“0
P
´
Ukp
rLΩ˘p2k ` 2, pq¯˘ ipi
8ÿ
k“ d´2
2
P
`
UkpL
Ωp2k ` 2, pq logpΓp ˘ i0q `W kp LΩp2k ` 2, pq
˘
“ U0p 2rLΩ˘p2, pq ´ 2∇grad rLΩ˘p2,pqU0p ˘ ipi
ˆ
W
d´2
2
p
“0hkkkkkikkkkkj
2LΩpd, pq ´
“0hkkkkkkkkkkkikkkkkkkkkkkj
2∇gradLΩpd,pqW
d´2
2
p
˙
`
d´4
2ÿ
k“1
´
Ukp 2
rLΩ˘p2k ` 2, pq ´ 2∇grad rLΩ˘p2k`2,pqUkp ` rLΩ˘p2k, pqPUk´1p ¯` rLΩ˘pd´ 2, pqPU d´42p
˘ i
pi
"
U
d´2
2
p 2
`
LΩpd, pq logpΓp ˘ i0q
˘´ 2∇gradpLΩpd,pq logpΓp˘i0qqU d´22p
`
8ÿ
k“ d
2
“
LΩp2k, pq logpΓp ˘ i0qPUk´1p ´ 2∇gradpLΩp2k`2,pq logpΓp˘i0qqUkp ` Ukp 2
`
LΩp2k ` 2, pq logpΓp ˘ i0q
˘‰
`
8ÿ
k“ d
2
`
W kp 2L
Ωp2k ` 2, pq ´ 2∇gradLΩp2k`2,pqW kp ` LΩp2k, pqPW k´1p
˘*
“ U0p 2rLΩ˘p2, pq ´ 2∇grad rLΩ˘p2,pqU0p `
d´4
2ÿ
k“1
„ˆ
1
2
2Γp ´ d` 2k
˙
Ukp ´∇grad ΓpUkp ` 2kPUk´1p
 rLΩ˘p2k, pq
2k
`
ˆ
pd´ 2qPU
d´4
2
p `
ˆ
1
2
2Γp ´ 2
˙
U
d´2
2
p ´∇grad ΓpU
d´2
2
p
˙ rLΩ˘pd´ 2, pq
d´ 2
˘ i
pi
8ÿ
k“ d
2
„ˆ
1
2
2Γp ´ d` 2k
˙
Ukp ´∇grad ΓpUkp ` 2kPUk´1p

LΩp2k, pq logpΓp ˘ i0q
2k
˘ i
pi
8ÿ
k“ d
2
„ˆ
1
2
2Γp ` 2` 4k ´ 2d
˙
Ukp ´∇grad ΓpUkp

LΩp2k, pq
2k
`
k ´ d´2
2
˘
˘ i
pi
8ÿ
k“ d
2
„ˆ
1
2
2Γp ` 2k ´ d
˙
W kp ´∇grad ΓpW kp ` 2kPW k´1p

LΩp2k, pq
2k
,
from which one reads off the transport equations (3.8) and (3.9).
C Proof of Proposition 3.9 for even dimensional spacetimes
Note that in the proofs of all following Lemmas, c denotes a generic constant, i.e. its particular value can change from
one line to another.
Lemma C.1. For all l P N and β ě l ` 1, there is some cl,β such that for all 0 ă ε ď 1, we have››››› dldtl
ˆ
σ
ˆ
t
ε
˙
¨ tβ ¨ log t
˙›››››
C0pRq
ď ε
ˆ
log
1
ε
` pi ` 1
˙
¨ cl,β ¨ }σ}ClpRq.
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Proof. We start with calculating›››› djdtj `tβ ¨ log t˘
››››
C0pRq
“
›››››βpβ ´ 1q . . . pβ ´ j ` 1qtβ´j log t` tβ´j
jÿ
i“1
ˆ
j
i
˙
p´1qi´1pi´ 1q!βpβ ´ 1q . . . pβ ´ j ` i` 1q
›››››
C0pRq
ď cj,β ¨ |t|β´j p| log t| ` 1q
ď cj,β ¨ |t|β´j
`ˇˇ
log |t|ˇˇ` pi ` 1˘ .
Since σpl´jq
`
t
ε
˘ “ 0 for |t| ě ε and εβ´l ď ε due to β ě l ` 1, this yields››››› dldtl
ˆ
σ
ˆ
t
ε
˙
¨ tβ ¨ log t
˙›››››
C0pRq
ď
lÿ
j“0
ˆ
l
j
˙
¨ cj,β
›››››σpl´jq
`
t
ε
˘
εl´j
¨ |t|β´j `ˇˇ log |t|ˇˇ` pi ` 1˘›››››
C0pRq
ď
lÿ
j“0
ˆ
l
j
˙
¨ cj,β ¨ εβ´l
ˆ
log
1
ε
` pi ` 1
˙
¨
›››σpl´jq›››
C0pRq
ď cl,β ¨ ε
ˆ
log
1
ε
` pi ` 1
˙
¨ }σ}ClpRq .
Lemma C.2. For any open and relatively compact domain O Ă Ω and l P N0, there is a sequence tεkukěN Ă p0, 1s
such that for all l ě 0 the series
pp, qq ÞÝÑ
8ÿ
k“N`l
rUkpp, qq log `Γpp, qq ˘ i0˘ LΩ˘p2k ` 2, pqpqq (C.16)
converges inCl
`
O ˆO,E˚ ⊠ E˘. In particular, for l “ 0, this defines a continuous section overOˆO and a smooth
section over
`
O ˆO˘zΓ´1p0q.
Proof. Since k ě N ě d
2
and d even, Γpp, qqk´ d´22 is a smooth and Γpp, qqk´ d´22 ¨ log pΓpp, qq ˘ i0q a continuous
section over O ˆ O, so every single summand of (C.16) is at least continuous, individually. Due to supp
´
σ ˝ Γ
εk
¯
Ă
tΓpp, qq ă εku for all k ě N and 0 ď σ ď 1 by Lemma C.1, we have››› rUk log `Γ˘ i0˘ ¨ Cp2k ` 2, dqΓk´ d´22 ›››
C0pOˆOq ď ck,d }Uk}C0pOˆOq ¨ εk
ˆ
log
1
εk
` pi ` 1
˙
.
Since εk log
1
εk
Ñ 0 for εk Ñ 0, we can choose εk such that
ck,d }Uk}C0 ¨ εk
ˆ
log
1
εk
` pi ` 1
˙
ă 2´k,
and (C.16) converges inC0. Now let l ą 0 and k ě N`l such that Γpp, qqk´ d´22 log pΓpp, qq ˘ i0q is ofCl-regularity.
Set ρkptq :“ σ
´
t
εk
¯
tk´
d´2
2 , so by Lemma C.1 we have
}ρk}ClpRq ď cl,k,d ¨ εk}σ}ClpRq, }ρk ¨ log }ClpRq ď cl,k,d ¨ εk
ˆ
log
1
εk
` pi ` 1
˙
}σ}ClpRq, (C.17)
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and Lemma 1.1.11 and 1.1.12 of [BGP2007] yield››› rUk log `Γ˘ i0˘ ¨ Cp2k ` 2, dqΓk´ d´22 ›››
ClpOˆOq ď cl,k,d}Uk ¨
`pρk ¨ logq ˝ Γ˘}ClpOˆOq
1.1.11ď cl,k,d}Uk}ClpOˆOq ¨ }pρk ¨ logq ˝ Γ}ClpOˆOq
1.1.12ď cl,k,d}Uk}ClpOˆOq ¨ maxj“0,...,l }Γ}
j
ClpOˆOq ¨ }ρk ¨ log }ClpRq
pC.17q
ď cl,k,d}σ}ClpRq ¨ max
j“0,...,l
}Γ}j
ClpOˆOq ¨ }Uk}ClpOˆOq ¨ εk log
ˆ
1
εk
` pi ` 1
˙
.
Hence, for all k ě N ´ l, we demand
cl,k,d}Uk}ClpOˆOq ¨ εk log
ˆ
1
εk
` pi ` 1
˙
ď 2´k, (C.18)
so the k. summand can be estimated by
}σ}
ClpRq
2k
¨ maxj“0,...,l }Γ}j
ClpOˆOq and (C.16) converges in
Cl
`
O ˆO,E˚ ⊠ E˘. Note that for each k, we impose only finitely many conditions on εk, namely one for each
l ď k ´ N , which are satisfied by some positive number. Hence, for each k, there is a sufficiently small number
εk ą 0 such that (C.18) is fulfilled for all l ď k ´N .
Since all summands are smooth on
`
O ˆO˘ zΓ´1p0q and the series converges in all Cl-norms, it defines a smooth
section on
`
O ˆO˘ zΓ´1p0q.
Thus, we showed that (3.12) yield well-defined distributions with singular support on the light cone, i.e. property (i).
Furthermore, (iii) follows from Proposition 3.3 (6). We proceed with (ii):
Lemma C.3. The sequence
`
εk
˘
kěN
can be chosen such that
Pp2q ĂL˘ppq “ δp `K˘pp, ¨q
for someK˘ P C8
`
O ˆO,E˚ ⊠ E˘.
Proof. Let σk :“ σ ˝ Γεk P C8pΩ ˆ Ωq, so rUk “ σk ¨ Uk for all k ě N and suppσk Ă  Γpp, qq ď εk(. Due to
Lemma 1.1.10 of [BGP2007], we can exchange P with the sum, so the transport equations (3.8) imply
8ÿ
k“N
Pp2q σk
`
Uk logpΓ˘ i0q `Wk
˘
LΩ˘p2k ` 2q
“
8ÿ
k“N
´
2p2qσk ´ 2∇gradp2q σk ` σkPp2q
¯ `
Uk logpΓ˘ i0q `Wk
˘
LΩ˘p2k ` 2q
“: Σ1 ` Σ2 `
8ÿ
k“N
σkPp2q
`
Uk logpΓ˘ i0q `Wk
˘
LΩ˘p2k ` 2q.
Recall that the transport equations (3.8) and (3.9) are derived from the requirement that Pp2q applied to (3.7) is a
telescoping series, that is,
Pp2q
`
Uk logpΓ˘ i0q `Wk
˘
LΩ˘p2k ` 2q
“ ` logpΓ˘ i0q ¨ Pp2qUk ` Pp2qWk˘LΩ˘p2k ` 2q ´ ` logpΓ˘ i0q ¨ Pp2qUk´1 ` Pp2qWk´1˘LΩ˘p2kq.
Hence, the right hand side becomes
Σ1 ` Σ2 ´ σN
`
logpΓ˘ i0q ¨ Pp2qUN´1 ` Pp2qWN´1
˘
LΩ˘p2Nq ` Σ3
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with
Σ3 :“
8ÿ
k“N
pσk ´ σk`1q
`
logpΓ˘ i0q ¨ Pp2qUk ` Pp2qWk
˘
LΩ˘p2k ` 2q.
Then, forK˘pp, ¨q :“ Pp2q ĂL˘ppq ´ δp, the transport equations (3.8) for Uk yield
K˘ “ p1´ σN q
`
logpΓ˘ i0q ¨ Pp2qUN´1 ` Pp2qWN´1
˘
LΩ˘p2Nq ` Σ1 ` Σ2 ` Σ3. (C.19)
On the right hand side, every summand individually yields a smooth section, since both 1´σN and σk´σk`1 as well
as all derivatives of σk vanish in a neighborhood of Γ
´1p0q, which contains the singular support of ĂL˘. Thus, K˘
vanishes on Γ´1p0q to arbitrary order and it remains to show convergence in all Cl-norms, which again for theW -part
is provided by the proof of Lemma 2.4.3 of [BGP2007]. Therefore, we concentrate on
8ÿ
k“N
´
2p2qσk ´ 2∇gradp2q σk ` σkPp2q
¯
Uk logpΓ˘ i0q LΩ˘p2k ` 2q “: Σ11 ` Σ12 ` Σ13.
For fixed l P N0, let k ě 2pl` 1q `N and Sk :“
 
εk
2
ď |Γpp, qq| ď εk
(
. Then Lemma 1.1.12 of [BGP2007] implies
for the k. summand of Σ12›››∇gradp2q σkUk log `Γ˘ i0˘ LΩ˘p2k ` 2q›››
ClpOˆOq “
›››∇gradp2q σkUk log `Γ˘ i0˘ LΩ˘p2k ` 2q›››
ClpOˆOXSkq
ď cl,d}Uk}Cl`1pOˆOXSkq ¨ }σk}Cl`1pOˆOXSkq ¨
›››Γk´ d´22 log `Γ˘ i0˘›››
Cl`1pOˆOXSkq
ď cl,d}Uk}Cl`1pOˆOXSkq ¨
}σ}Cl`1pRq
εl`1k
¨
›››t ÞÑ tk´ d´22 ¨ log t›››
Cl`1pr εk2 ,εksq
¨ max
j“0,¨¨¨ ,l`1
}Γ}2j
Cl`1pOˆOXSkq
ď cl,k,d}Uk}Cl`1pOˆOXSkq
}σ}Cl`1pRq
εl`1k
max
j“0,¨¨¨ ,l`1
}Γ}2j
Cl`1pOˆOXSkq maxtPpr εk2 ,εksq
|t|k´ d´22 ´pl`1q p| log t| ` 1q
ď cl,k,d}Uk}Cl`1pOˆOq ¨ εk
ˆ
log
1
εk
` pi ` 1
˙
}σ}Cl`1pRq ¨ max
j“0,¨¨¨ ,l`1
}Γ}2j
Cl`1pOˆOq,
so we additionally demand
cl,k,d ¨ }Uk}Cl`1pOˆOq ¨ εk
ˆ
log
1
εk
` pi ` 1
˙
ď 2´k.
Then, for all l, the Cl-norm of almost all summands (without the first 2pl ` 1q ` N ) of Σ12 is bounded by 2´k ¨
}σ}Cl`1pRq ¨ maxj“0,¨¨¨ ,l`1 }Γ}2jCl`1pOˆOq and thus, we have convergence in C
l for all l, i.e. Σ12 defines a smooth
section in E˚ ⊠ E over O ˆO .
The treatment for Σ11 is completely identical, so we directly turn to the k. summand of Σ
1
3:››pσk ´ σk`1qLΩ˘p2k ` 2, ¨q log pΓ˘ i0q ¨ Pp2qUk››ClpOˆOq
ď cl,k,d
`››σk Γl`1 log pΓ˘ i0q››Cl ` ››σk`1 Γl`1 log pΓ˘ i0q››Cl˘ ››Γk´N´l››Cl ¨ ››Pp2qUk››Cl .
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Set ρklptq :“ σ
´
t
εk
¯
¨ tl`1 log t, so we have σk Γl`1 log pΓ˘ i0q “ ρkl ˝Γ. Then again Lemma 1.1.12 of [BGP2007]
and Lemma C.17 yield››σk Γl`1 log pΓ˘ i0q››ClpOˆOq ď cl ¨ }ρkl}ClpRq ¨ maxj“0,...,l }Γ}ClpOˆOq
ď ck,l ¨ εk
ˆ
log
1
εk
` pi ` 1
˙
}σ}ClpRq ¨ max
j“0,...,l
}Γ}
ClpOˆOq,
so we obtain
}Σ13}ClpOˆOq ď cl,k,d
ˆ
εk
ˆ
log
1
εk
` pi ` 1
˙
` εk`1
ˆ
log
1
εk`1
` pi ` 1
˙˙
}σ}ClpRq
¨ max
j“0,...,l
}Γ}
ClpOˆOq ¨
››Γk´N´l››
ClpOˆOq ¨
››Pp2qUk››ClpOˆOq .
Hence, for all k ě N ` l we demand
cl,k,d ¨ εk
ˆ
log
1
εk
` pi ` 1
˙
¨ ››Pp2qUk››ClpOˆOq ¨ ››Γk´N´l››ClpOˆOq ď 2´k´1
as well as for all k ě N ` l` 1 that
cl,k´1,d ¨ εk
ˆ
log
1
εk
` pi ` 1
˙
¨ ››Pp2qUk´1››ClpOˆOq ¨ ››Γk´N´l´1››ClpOˆOq ď 2´k´2.
Then the Cl-norm of almost all summands of Σ13 (without the first l ` N ) is bounded by 2´k ¨ }σ}ClpRq ¨
maxj“0,...,l }Γ}ClpOˆOq, so the series converges in all Cl-norms and is therefore smooth. Note that for each k we
again added only finitely many conditions.
Finally, we show that the εk’s can be chosen such that for all p P O, the parametrices ĂL˘ppq are distributions of degree
at most κd.
Lemma C.4. There is a sequence pεkqkěN Ă p0, 1s, for which we find some C ą 0 such thatˇˇˇ ĂL˘ppqrϕsˇˇˇ ď C ¨ }ϕ}Cκd pΩq, p P O, ϕ P D pΩ, E˚q .
Furthermore, for fixed ϕ P D pΩ, E˚q, the map p ÞÑ ĂL˘ppqrϕs is smooth.
Proof. We show the claim only for the logarithmic part, i.e. f :“ ř8k“ d´2
2
rUk logpΓ ˘ i0qLΩ˘p2k ` 2q, since for
the other two sums the proof of Lemma 2.4.4 of [BGP2007] applies identically. By Lemma C.2, we have f P
C0pO ˆO,E˚ ⊠ Eq and thus,
|fppqrϕs| ď }f}C0pOˆOq ¨ volpOq ¨ }ϕ}C0pOˆOq ď }f}CκdpOˆOq ¨ volpOq ¨ }ϕ}Cκd pOˆOq
for all p P O and ϕ P DpO,E˚q, so the constant can be chosen via C :“ }f}CκdpOˆOq ¨ volpOq.
Since Proposition 3.3 (6) directly applies also to logpΓp ˘ i0qLΩ˘p2k ` 2, pq and Ukϕ is smooth on O ˆ O with
supp pUkp qϕ compact, for every k ě d´22 , the map
p ÞÝÑ rUkp logpΓp ˘ i0qLΩ˘p2k ` 2, pqrϕs, ϕ P DpO,E˚q,
is smooth. Therefore, also
řl´1
k“ d´2
2
rUkp logpΓp ˘ i0qLΩ˘p2k ` 2, pqrϕs is smooth for all l ą d2 and the remaining
term
ř8
k“l
rUkp logpΓp ˘ i0qLΩ˘p2k ` 2, pqrϕs is Cl by Lemma C.2. This holds for all l and hence, p ÞÑ fppqrϕs is
smooth.
Lemma C.4 shows properties (iv) and (v) of ĂL˘, so Proposition 3.9 is proved also for even d.
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